QUANTUM VARIANCE ON QUATERNION ALGEBRAS, III

PAUL D. NELSON

ABSTRACT. We determine the asymptotic quantum variance of microlocal lifts
of Hecke—Maass cusp forms on the arithmetic compact hyperbolic surfaces at-
tached to maximal orders in quaternion algebras. Our result extends those
for the non-compact modular surface obtained by Luo—Sarnak—Zhao, whose
method required a cusp. The global arguments in our proof involve an an-
alytic study of the theta correspondence, the interplay between additive and
multiplicative harmonic analysis on quaternion algebras, the equidistribution
of translates of elementary theta functions, and the Rallis inner product for-
mula. These reduce the proof to local problems involving the construction and
analysis of microlocal lifts via integral operators on the group, addressed using
an analytic incarnation of the method of coadjoint orbits.
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1. Introduction

1.1. Overview. The quantum variance problem (see, e.g., [28, §1], [7], [51, §15.6],
[36, §4.1.3], [39, 22, 15, 23, 24, 55]) concerns sums of the shape

D (e, T1p) (Wi, ). (1.1)

peF

Here ¥y, U5 are fixed mean-zero functions on the unit cotangent bundle of a Rie-
mannian manifold M with ergodic geodesic flow, F traverses a sequence of families
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of microlocal lifts of Laplace eigenfunctions with eigenvalues in [0, 7?], and T — co.
The problem is to determine the leading order asymptotic behavior of (1.1). The
difficulty of the problem may be appreciated by comparing the expected magni-
tude =< T for (1.1) for typical ¥; = ¥y with the best known general upper bound
O(T4™(M) /10g T)) (see, e.g., [28, §1] and references for details).

Although a mathematically rigorous solution to the problem seems hopeless on
general M, Sarnak—Zhao [39] (following Luo—Sarnak [23] and Zhao [55]) managed
to solve it completely on M = SLo(Z)\H for F consisting of Hecke eigenfunctions.
It is natural to seek analogous results on other arithmetic quotients, such as the
compact quotients attached to orders in quaternion division algebras. The method
of Luo, Sarnak and Zhao demonstrates the power of parabolic Fourier expansions,
such as the g-expansions Y a,¢™ enjoyed by classical holomorphic modular forms
on SLo(Z) at the cusp oo, to establish results that are inaccessible by means of
semiclassical analysis or trace formulas alone. Conversely, their technique is funda-
mentally limited to split quotients, such SLy(Z)\H and its congruence covers, on
which such expansions are available.

In this article, we develop systematically a method for studying quantum vari-
ance that applies also to non-split arithmetic quotients arising from non-split
quaternion algebras, in contrast to the split matrix algebra M>(Q) underlying the
quotient SLo(Z)\H considered by Luo, Sarnak and Zhao. Part 1 of this paper es-
tablishes global estimates concerning the quantum variance of general families of
automorphic forms (see Theorem 3, stated in §1.8, and Theorem 4, stated in §5).
Part 2 provides additional local estimates, at the archimedean place, relevant for
determining the quantum variance of families of microlocal lifts of Hecke-Maass
forms (Theorem 1) and its analogue for holomorphic forms (Theorem 2).

1.2. Trace formulas and linear statistics. Let X := I'\G be the quotient by
an arithmetic lattice of the points of a semisimple Q-group over a local field, such
as the real numbers, and let F be a “large” collection of eigenfunctions ¢ : X — C.
One can ask for the asymptotic statistics, as F traverses a sequence of families, of
the random measure on X sending a test function ¥ to (p, Pp), where ¢ € F is
sampled randomly with respect to (say) the normalized counting measure.

The linear statistics of this random measure are captured by the mean ¥ —
Eyer{p, Up). When F admits a nice harmonic-analytic description, it can be (at
least approximately) picked off by a convolution kernel f € C°(G). The mean can
then be studied using trace formula techniques: by integrating the pretrace formula

Y fa ) = Y e@)ely) (z,y €T\G) (1.2)
~el’ peF

over the diagonal against ¥, one obtains an identity
Stevax [ v@ Y e de (13)
pEF z€l'\G ~eT

whose right hand side may be studied by methods for bounding orbital integrals
much as in the “Weyl’s law” case ¥ = 1.
Higher-order statistics, such as the n-point correlations

(\Illa e 7\Iln) = Es9€f<50v \:[1190> T <90a Qn(ﬁ%
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are more mysterious. The quantum variance problem concerns the quadratic sta-
tistics (1.1), about which trace formulas alone say little.

1.3. Hecke multiplicativity and variance statistics. Until this series of works,
the only known asymptotic formulas for higher-order statistics in this setting of §1.2
were those of Luo-Sarnak-Zhao concerning SLo(Z)\ SL2(R). The point of departure
for their method is that when the eigenfunctions ¢ admit Fourier expansions whose
coefficients A(n) enjoy a “doubling identity” of the shape

Am)A(n) =Y A(-), (1.4)

one can try to reduce variance statistics to linear ones and apply trace formulas
such as (1.2). This method does not apply when such expansions are not available.

1.4. Theta functions and variance statistics. When the space X arises from
a quaternion algebra B (over Q, say), the Eichler/Shimizu theta correspondence
provides an analogue of the doubling identity (1.4) that suggests a natural strategy
for studying quantum variance. We pursue this strategy here. Let F be a family
of eigenfunctions on X. Oversimplifying for now, Shimizu’s theorem (see [46, II.1])
says that one can find

e a space X' (a congruence cover of PGL2(Z)\ PGL2(R)),
e a function of three variables © : X x X x X’ — C (a theta kernel), and
e for each ¢ € F, a function ®, : X’ — C (an Eichler/Jacquet-Langlands
lift)
with the property that

wx)p(y) = /q)g,(z)G(x, y;2)dz for all p € F and z,y € X. (1.5)

By integrating the diagonal case © = y of (1.5) against ¥, one obtains

(p, Tp) :/@w(z)/\ll(x)@(x,m;z)dxdz. (1.6)

If the functions ®, are orthogonal to one another and the family F is sufficiently
“complete,” then a cavalier application of Parseval’s formula to (1.6) suggests that

> (faf) e

d (1.7)

— /Z (/z Uy (z)O(x, x; 2) dx) (/y Uy (y)O(y, y; 2) dy) dz.

The left hand side of (1.7) may be understood as a reasonable proxy for the quantum
variance (1.1) of F provided that the weights [|®,|* are sufficiently uniform in
. A first aim of this article is to develop robust techniques for determining the
asymptotics of the right hand side of (1.7), which is not a priori any simpler to
analyze than the left hand side. A second aim is to apply the resulting machinery
to an interesting family of automorphic forms.

We have oversimplified by neglecting that the theta kernel © produced by
Shimizu’s theorem may (and generally does) depend upon the automorphic form
@. For the above argument to make sense, we need to choose one © that works for
every element of the family F. It is natural instead to interpret (1.7) as defining a
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(weighted) family F in terms of ©. A third aim of this article is then to clarify in
general how to invert the association © — F.

1.5. Setup and notation. We now prepare to state our main results. To
that end, we begin by recalling (from, e.g., [41, §9] or [44, §4] or [45, §38])
the parametrization of arithmetic hyperbolic surfaces Y and their unit cotangent
bundles X, restricting for simplicity to those attached to maximal orders. Let
M := M3(R) denote the 2 x 2 matrix algebra and G := PGLy(R) = M*/R* its
projectivized unit group. Let F be a totally real number field. (Our results are
new when F' = Q, but the generality does not introduce complication.) Let B be a
quaternion algebra over F' for which there is exactly one real place q of F' such that
B, is isomorphic to M; we fix such an isomorphism, together with a maximal order
R C B, and denote by I' < G the image of R* under the induced isomorphism
qu / qu >~ G. Then I < G is a discrete cofinite subgroup; it is cocompact except
when B is split, in which case F = Q and B = M>(Q). We denote by K < G the
image of O(2) and by G, K!,T'!, the subgroups consisting of positive determinant
elements. We take
X:=T\G, Y:=X/K

We equip G with any Haar measure dg and X with any G-invariant measure. We
write (@1, 92) == [ @192 for @1, p2 € L*(X). The group G acts unitarily on L*(X)
by right translation: go(z) := ¢(zg).

We assume for simplicity of presentation that F' has odd narrow class number.
The strong approximation theorem (see §5.5.2 or [45, §28]) then identifies X, rather
than a finite disjoint union of similarly defined quotients, with the adelic quotient
G(F)\G(A)/J, where

e A denotes the adele ring of F,

e G denotes the F-algebraic group A — (B ®p A)* /A, and

o J = Joo [l ycoo Jp» With J, the image of R} and Jo = SO(3)U~1 the
points of G over the product of the archimedean completions of F' other
than Fj.

We obtain for each finite prime p of F a Hecke operator T}, acting on L?*(X), defined
by a sum over cosets. The number of cosets is |p| + 1 or 1 according as p does or
does not split B, where |p| denotes the absolute norm. These operators commute
with one another and also with G. Strong approximation also implies that the
group I' contains elements of negative determinant. We may thus identify X with
I'\G!' and Y with T''\H, where H = G*/K! is the hyperbolic plane.

By an eigenfunction ¥ : X — C, we mean a smooth K-finite function that
generates an irreducible representation of G' and is a T)-eigenfunction for each p.

We assume that B is non-split, so that X is compact. We denote by L3(X) C
L?(X) the subspace of mean-zero functions and by Ay the set of subspaces
7 C L(X) that are irreducible under G and eigenspaces for each T,. The smooth
K-finite vectors in 7 are eigenfunctions in the above sense, and each nonzero eigen-
function generates one such 7. The multiplicity one theorem implies that the space
L3(X) is the Hilbert direct sum of the m € Ag. Under strong approximation in the
sense noted above, A identifies with the set of generic automorphic representations
of G containing a nonzero J-invariant vector.

Each m € Ay has an infinitesimal character A, € R, describing the action of
the center of the universal enveloping algebra of G (see §6.3). If A; < 0, then
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7 contains a one-dimensional space of K'-invariant vectors ¢,; these descend to
Laplace eigenfunctions on Y of eigenvalue 1/4 — A\, giving a bijection

[redy: A <0} & {Hecke-Maass eigenforms o0 Y of eigenvalue > 1/4}.
scaling

We normalize ¢, so that (pr,o.) = 1. We denote by u, the representation-

theoretic microlocal lift of ¢, constructed by Zelditch and studied in the related

work of Sarnak—Zhao [39]. We recall the precise construction of u, in §6.5. We

mention for now only that it is a functional

o+ { K-finite smooth ¥ : X - C} — C (1.8)

with the following properties:

e Lifting. If ¥ is K '-invariant, so that it comes from a function on Y, then
pr(¥) = (P ¥, or).

e Flow invariance. p, is asymptotically invariant by the diagonal subgroup
H of G in the sense that for each fixed h € H and ¥ as above, the difference
tr(hU) — u(U) tends to zero as || — 0.

For further discussion concerning the pu,, we refer to [53, 52, 54, 50, 49, 20, 42, 1].

A theorem of Lindenstrauss [21], resolving a case of the arithmetic quan-
tum unique ergodicity conjecture of Rudnick—Sarnak [38], implies that p.(¥) —
(P, 1)/ vol(X) for each fixed continuous function ¥ : X — C as |A;| — oco. Equiv-
alently, 1 (V) — 0 when ¥ has mean zero.

Let S denote the (finite) set of finite primes of F' at which B ramifies. Forp € S,
the operator T}, is an involution, so we may speak of the parity of an eigenfunction
with respect to T},. The local root number of o € Ag at the distinguished real place
q is of the form =+1; it is +1 precisely when 7 admits a nonzero functional invariant
by the normalizer in G of H. We say that o € Ay is even if

o for each p € 9, the T)-eigenvalue of ¢ is +1, and
e the local root number of ¢ at q is +1.

If o is not even, then p,(¥) = 0 for all ¥ € o (see §6.6); for this reason, we focus
primarily on even o. We say also that an eigenfunction ¥ is even if it belongs to
an even o € Ag.

For a function ¥ : X — C, we write ¥¥ := %(‘I’ + wW) for its symmetrization
with respect to the Weyl element w := (_1 1) eqG.

We equip the diagonal subgroup H < G with the Haar measure given by

for= fewen (" a i

where dy denotes Lebesgue measure.
We denote in what follows by L(5)(--- | s) the finite part of an L-function, omit-
ting Buler factors in S. For 7 € Ay, we abbreviate ¢, := L) (ad 7, 1).

1.6. Main result. We henceforth fix a pair of nonzero mean-zero even eigenfunc-
tions ¥y, ¥5. We denote by 01,09 € Ay the representations that they generate.
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Theorem 1 (Quantum variance of microlocal lifts on compact arithmetic surfaces).
The limit

li .
hl_r)r%)h Z L-rr/'LTr(\Ijl),u‘n'(\IIQ) (1 9)
TEAp:
0<—h? ;<1
exists. If o1 # og, then that limit is zero. If 01 = 09 =: 0, then it is given by
L1900y [ surug)as, (1.10)
27 scH

where cpg := Q#Sggs)(Q)/vol(X).

Remark 1. As discussed in [39] or §3.1.6, the integral on the right hand side of
(1.10) converges absolutely. We note also that each of the expressions (1.9) and
(1.10) is independent of the choice of Haar measure on X. If we equip X with the
pullback of the standard hyperbolic measure d”;;iy on Y, then we may verify as in

[47, §1] that

C£ _ 2#3 (4W2)[F:Q]71 HpeS(]‘ =+ 1/|p|)
2m AN A p
where Ar and Ap denote the absolute discriminant and absolute reduced discrim-

inant, respectively, and |p| denotes the absolute norm of the finite prime p. For
instance, if F' = Q, then

en s Iles(1+1/p)
2 4AB

The factor 2#° may be understood (see §9.2) as coming from the nontrivial nor-
malizer of T', corresponding to the involutory Hecke operators T, (p € S). If one
instead sums over only those 7 having eigenvalue 4+1 under such operators, then
this factor disappears.

Remark 2. The proof gives a rate of convergence in (1.9) of the form h® for some
fixed § > 0. We do not explicate or optimize the exponent here. For the variant
problem obtained by replacing the sharp truncation 0 < —h? A\, < 1 by a smooth
dyadic weight, one could likely optimize our methods to obtain the rate O(h'/?)
and show that this rate is best possible (cf. [28, §6.5]).

Remark 3. For the sake of comparison! with [39], we note that

w/2
w w € sSym sym
/ H<3‘I’1 7‘I’2>d3:2/ R<< e—u/2) U, W) du, (1.11)
sE ue

where USY™ denotes the average of W over its translates by the four-element sub-
group of G generated by diag(—1,1) and w.

Remark 4. The “arithmetic weights” ¢, arise in our method for reasons illustrated
best by [28, §2.8, §7]. They have mild size (O(h™F) for any fixed ¢ > 0) and
mean 1. Sarnak-Zhao [39] showed in the non-compact case that if one modifies
the sums (1.9) by omitting the weights ¢, then the conclusion remains valid after
multiplying the main term (1.10) by a certain explicit factor ¢, > 0. To do this,
they used zero density estimates for families of L-functions to approximate +-* for

1Our main term is half the analogue of that obtained in the cited reference, due to minor
computational errors in the latter.



QUANTUM VARIANCE ON QUATERNION ALGEBRAS, III 7

most 7 by a short Dirichlet polynomial, and then appealed to estimates for Hecke-
twisted variants of (1.9). Their method applies in our setting with the (analogous)

constant ()

1 (P )

Co = —— 1= s | (1.12)
9 (2) pl; ( p[*/2 + |p|*/2

where A, (p) denotes the Hecke eigenvalue normalized so that the Ramanujan con-
jecture says |A,(p)| < 2. We do not replicate here the details of their argument,
but explain in §9.1 how the factor ¢, arises naturally from the perspective of our
method.

Remark 5. In §9.2, we extend the semiclassical heuristics for variance asymptotics
from the generic non-arithmetic setting (see, e.g., [51, §15.6], [36, §4.1.3]) to the
setting of Theorem 1. In brief, the generic heuristics come from postulating that the
average of pi (V1) (P2) over m € F should be approximated by the double average
of fir, (1) fory (P2) restricted to those my, o € F whose archimedean parameters are
close in the sense that ‘\/—)\m - «/—/\m‘ < ¢ for some small € > 0. In arithmetic
settings, it is natural to impose the further condition that |\, (p) — Ar, (p)| < € for
all small primes p. We show that, modulo identifying limits of finite Euler products
with their formal L-function limits, the resulting predictions are consistent with
our results.

1.7. The holomorphic analogue. Our method applies just as well to holomor-
phic forms, giving an extension of Luo—Sarnak [24, Thm 1] to the setting of compact
arithmetic surfaces.?

Let m € Ay with A\, > 0. Then 7, as a representation of GG, is a discrete series
representation of lowest weight k for some natural number k, and A\, = (k — 1/2)%.
(We normalize so that k is not necessarily even — see §6.3.) For such 7, the analogue
of the microlocal lifts are the L2-masses pr(¥) := (0, V¥, @,) attached to a unit
vector ¢, € m of weight k, i.e., the lift of a holomorphic modular form on Y. Such
measures are K-invariant, so it suffices to test them against observables ¥ that are
likewise K-invariant. Thus, fix a pair of nonzero K-invariant eigenfunctions ¥, ¥y
whose T,-eigenvalue, for each p € S, is +1, and let 01,02 € Ay denote the (even)
representations that they generate.

Theorem 2 (Quantum variance of holomorphic forms on compact arithmetic sur-
faces). The limit

lim h Z qun(‘lfl)m

h—0
TEAp:
0<h? A\, <1

exists. If o1 # o9, then that limit is zero. If o1 = 09 =: o, then it is given by
e L) (0, 3) (0, Ty)
with cg as in Theorem 1.
The proof differs very mildly from that of Theorem 1. A unified treatment could

be given, but to keep the exposition concrete, we first prove Theorem 1, then explain
in §8.4 the modifications needed to obtain a proof of Theorem 2.

20ur main term is half the analogue of that obtained in the cited reference, due to a minor
error in the latter: on p788, the penultimate display should be multiplied by 1/2, since the sum
before (36) is taken only over even integers.
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1.8. A quadratic trace formula. To present the proof of Theorem 1 as clearly
as we can, we separate the difficulties concerning general families of automorphic
forms (Part 1) from those specific to the families of microlocal lifts considered above
(Part 2). Our treatment of general families is encapsulated by a result which we
now formulate.

Let m € Ap. We identify finite-rank operators 7' on 7 with finite-rank tensors
T=>3, vi®v7 € 1®7. Given any such T and any bounded measurable ¥ : X — C,

we set
w(T, V) = Z(vﬂl&vi).

7
We verify readily (see, e.g., [35, §26.3]) that |u(T, ¥)| < ||T|[1]|¥| L, where |.||1
denotes the trace norm. We may thus extend the assignment T — (7', ¥) contin-
uously to trace class operators T' on 7, and in particular, to the integral operators
w(f):= ngG f(g)m(g) dg attached to f € C°(G) and our choice of Haar measure
dg on G. Equivalently, we may express u(T, ¥) as the absolutely convergent sum

p(T, W)= > (Tv-¥,v),
veEB(T)

where B(m) is an orthonormal basis for 7 consisting of K-isotypic vectors.
Recall that we have fixed some nonzero mean-zero even eigenfunctions ¥; €
o1, Uy € 02. We define hermitian forms V and M on C°(G) as follows:

o V(f) =2 rea, tatm(f), ¥1)p((f), V2).
e For a function f: G — C, we define its “symmetrization under inversion”
4 f(g~t
&F(g) = f(9) 2f(g )
and, for g € G, the conjugated function g - f(x) := f(g 'zg)
e If o1 # 09, then M(f) :=0. If 61 = 09 =: o, then we set
M(f) = e L' (0, 5)T(f),
with ¢p as in (1.10) and

() = / 9818 f)olob. Ba) dg

with (,) the inner product in L?(G).
We note that the sum defining V(f) converges rapidly (see §4.3.2, §5.2) and the
integral defining M(f) converges absolutely (see §3.1.6, §3.4.4).

For any real vector space V', we denote by S(V') the space of Schwartz functions.
Recall that M = M5(R) denotes the 2 x 2 matrix algebra. For each 7 € R* and
f € Cx(Q), we define Q7 f € S(M) by the formula

W (r det(x))
v = 1lyx(x) ————H
@) = e (2) oS o),
where pr : M* — G denotes the natural projection and W € C¢°(R*) is a nonzero
test function that we fix once and for all.

Remark. The motivation for introducing the sums V(f) is that for suitable f, they
will be seen to approximate the basic variance sums of interest. The “expected
main terms” M(f) will arise after some calculations involving theta functions and
the Rallis inner product formula. We refer to §9.2 for some heuristic discussion,
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independent of our rigorous arguments, about why one should expect V(f) =~ M(f)
for nice enough f. The operators O7 should be understood as associating to a
function on the multiplicative group G its “thickening” on the additive group M.
The key observation concerning these operators, detailed in §5, is that O7 f is the
kernel of a theta function with L?-norm proportional to V(f).

Let M° < M denote the trace zero subspace. We identify R with the subspace
of scalar matrices in M. We then have an orthogonal decomposition M = R @ M?.

For y € R, we denote by D, the operator on S(M) given by normalized scaling
of the My component: for ® € S(M),t € R,u € M?,

Dy ®(t +u) = |y|>2®(t + yu).
It extends to a unitary operator on L?(M).

Theorem 3. There is a finite subset X of R* and a collection (-, +,)r mex Of
sesquilinear forms on S(M) so that for each f € C(G),

V() =M+ Y En (T f,07)). (1.13)
T1,72€X

Moreover, there is a continuous seminorm C on the Schwartz space S(M) so that
for all y € R* and ¢1,¢2 € S(M),

log(Jyl + [yl
[yl + [yt

The proof is completed in §5.5.3. The key feature, elaborated in §1.10, is that
Theorem 3 reduces the proofs of Theorem 1 and Theorem 2 to local problems.

|5717T2(Dy¢17Dy¢2)| < C(¢1)C(¢2) (1'14)

1.9. Outline of the proof of Theorem 3. We follow the general strategy of
§1.4. The thickenings f — Q7 f have been carefully constructed so as to define
some © for which something like (1.7) holds. The integral [ W;(z)O(z,z;z)dz
does not define a theta lift of ¥; in the traditional sense, but instead decomposes
as a sum of products 6;(2)h;(z), where 6; is a variant of the Jacobi theta function
and h; is a theta lift of ¥;. The right hand side of (1.7) then decomposes as a sum
of inner products

(01h1, 602h2). (1.15)
Suppose we can approximate each such inner product by

(01,62)(h1, ha). (1.16)

The Rallis inner product formula [8, 9] for theta lifts applies to (1.16); summing it
up, we obtain

-1
S ([102) (o wiad ) a0, L)

pEF
where:

e =~ means up to the error incurred by replacing each term (1.15) with (1.16),
and
e f means “modify by a central L-value as in Theorem 1.”
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To complete the proof of Theorem 3, we must show that the “error” hidden by =~
satisfies the required estimate. Unfolding the definitions of our theta series, this
reduces to showing that, for D, the diagonal flow attached to y € R*,

(61 Dyha, 05 - Dyha) = (6102, Dy (h1h2))

= (01, 0)(h1, ha) + O (103(|y+|y|_1)) ’

lyl + |y~

where the error depends continuously upon the data underlying 6;, h;. This esti-
mate is a variant, established in [33] for the non-square-integrable function 6,60z, of
the well-known mixing property for the diagonal flow.

1.10. Deduction of Theorem 1 from Theorem 3. Here we reduce that de-
duction to a series of estimates, established in Part 2.

We first set some asymptotic notation and terminology. We consider a sequence
{h} of positive reals h tending to zero, as in the statement of Theorem 1. By an
“h-dependent element” of a set U, we mean a map {h} — U, which we under-
stand colloquially as an element u € U that depends (perhaps implicitly) upon the
parameter h. The word “fixed” will be taken to mean “independent of h.” Our
default convention is that quantities not labeled “fixed” may depend upon h, but
we will usually mention this dependence for the sake of clarity. Standard asymp-
totic notation is defined accordingly: A = O(B), A < B and B > A mean that
|A| < ¢|B] for some fixed ¢ > 0, while A < B means that A < B < A; the meaning
of an infinite exponent as in A = O(h*°) is that the indicated estimate holds upon
substituting for oo any fixed positive quantity. The fixed quantities ¢ may of course
depend upon any previously mentioned fixed quantities. We always assume that
h is small enough with respect to any mentioned fixed quantities. (For instance,
we may speak of an h-dependent element m € Ay satisfying 1/2 < — h? )\, < 1; its
microlocal lift p, is an h-dependent distribution on X that satisfies |, (¥)| = O(1)
for fixed ¥ as in (1.8); for fixed ¥ € C'*°(X), we have (¢, ¥) = O(h™).)

For the proof of Theorem 1, a simple approximation argument reduces our task to
showing that there is a fixed § > 0 so that for each fixed nonnegative k € C°(R<o),

DY k(b A) (U1 1 (B2) = e, L (0, 3) / (sUY WYY ds+O0(h?), (1.18)
TEAQ seH

where ¢ := cp [,y k(=1%)? §£. Indeed, it is enough to show this for a class KC of

h-dependent nonnegative functions k& € C°(R<) with the following properties:

e (K is “controlled”) Each k € K is supported on a fixed compact subset of
R_g and bounded from above by a fixed quantity.

e (K is “sufficiently rich”) For each fixed nonnegative kg € C.(R-(), we may
find k, ky € K so that |k — ko| < k4 and [ k4 — 0 ash — 0.

We construct such a class K explicitly in §7.3. (In fact, for the class that we
construct, quantitatively stronger properties hold, adequate for obtaining the rate
mentioned in Remark 2.)

In §8.1 and beyond, we construct for each k € K an h-dependent element f €
C*(G) and show that

V(f) =h Z Lﬂ'k(hZ >\7r)2,u7r(\111)ﬂ7r(\1]2) + O(ha) (119)
TEAp
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and

I(f) = / _ewp s [y at

+0(h?) (1.20)
t>0 2m

and
Ery (V7 F,07 f) < W17 (1.21)

for fixed 71,72 € R*, where ' = §'(§) > 0 is a fixed quantity with &' — 0 as 6 — 0.
The required estimate (1.18) then follows from the identity (1.13).

The idea behind the construction of f, completed in §8.1, is to arrange that 7(f)
is an approximate weighted projector onto a “space” spanned by unit vectors v € 7
for which (v¥,v) & . (¥); this leads to (1.19). The orbit method and philosophy
developed in [35] and summarized in §6.7 is a suitable tool for constructing and
studying such approximate projectors. This step of the proof may be understood
as implementing the identity (1.2) for the family of microlocal lifts.

For the proof (§8.2) of the main term estimate (1.20), we pull the inner product
(, )@ back to the Lie algebra, apply Parseval, and disintegrate the resulting integral
along the coadjoint orbits; the subgroup H then arises naturally as the stabilizer of
the “limiting microlocal support” of the vectors underlying p,.. In particular, the
H-integral in Theorem 1 arises naturally and geometrically, unlike in [39].

The error estimate (1.21), proved in §8.3, is ultimately a consequence of (1.14)
and the fact that the function f that we construct concentrates just above the scale
1+ O(h) C G and barely oscillates below that scale. The thickenings ©O7 f(z), for
fixed 7, are thus given in “polar coordinates” = = r'/2g (r > 0,9 € SLy(R)) by a
mildly modulated bump function on the region where r» < 1 and g = 1+ O(h). This
region may also be described in “Cartesian coordinates”: it consists of x € M for
which trace(z) < 1 and whose traceless part 2° := x —trace(r)/2 satisfies || < h.
It follows that O7 f is the image under D; /), of an essentially fixed function, so we
are in good position to apply (1.14).

1.11. Related work. The prequel [29] applies the results of Part 1 of this paper to
the “p-adic microlocal lifts” introduced in [30]; the analysis there is simpler, owing
mainly to the availability of exact projectors in the p-adic Hecke algebra. The
prequel to the prequel [28] introduces the method by application to the simplest
nontrivial case, but taking many ad hoc shortcuts. The paper [31] employs a related
method to give nontrivial quantum variance upper bounds in a “horizontal” level
aspect, where new difficulties emerge. The spiritual ancestor to each of these was
the paper [27] concerning the numerical evaluation of modular forms on compact
arithmetic surfaces.

Raphael Steiner [43] (see also [17, 16]) recently introduced a method for bounding
sup norms of automorphic forms via fourth moments >° . » lo(g9)|* over families.
Such moments may be understood as “degenerate quantum variance sums” obtained
by taking the observables ¥; = W5 to be point masses. The first step in Steiner’s
method and ours are related: both consist of expressing the sums of interest in terms
of inner products of theta functions. The methods diverge thereafter: Steiner et
al. use geometry of numbers techniques to obtain upper bounds, while we employ
(among other things) spectral theory to obtain asymptotic formulas.
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Part 1. Quantum variance and theta functions

The purpose of this section is to prove Theorem 3. The inputs are the general ma-
chinery of theta functions, the multiplicity one theorem and Eichler /Shimizu/Jacquet—
Langlands correspondence, the Rallis inner product formula, and the results of the
companion article [33] concerning the spectral decomposition of ||? for one-variable
theta functions 8. A key construction is that of the O operators (§5.2.4); these
solve the “inversion problem,” mentioned at the end of §1.4, of constructing theta
functions whose integrals recover quantum variance sums over any given family.

We deduce Theorem 3 by specializing a more general result, Theorem 4, formu-
lated adelically over number fields. The main benefit of working generally is that
each input to our proof is formulated adelically, and it is more natural to carry
out the classical translation once at the end of the proof rather than separately for
each input. An auxiliary benefit is that we may specialize in other ways, e.g., to
the depth aspect [29].

The main intermediary results are:

e The relation between quantum variance sums and integrals of theta func-
tions, and the identification of a proposed “main term” in the integrals of
theta functions that arise (Proposition 2, Lemma 5.4.3).

o General estimates for the “error terms” (Proposition 1).

These are related respectively to the Eichler/Shimizu correspondence, the Rallis
inner product formula, and a variant (established in [33]) of the equidistribution of
the diagonal flow.

The reader looking for a quick overview might first study carefully §2, §5.1, §5.2,
§5.3, which are essentially self-contained.

2. General notation

Let A be a field or an adele ring. Let B be a quaternion algebra over A. We
denote by ¢ : B — B the main involution, by nr : B — A the reduced norm
nr(z) := zz', by tr : B — A the reduced trace tr(z) := z + 2*, and by BY := {z €
B : tr(z) = 0} the subspace of traceless quaternions. We employ the notations

n(w) = <(1) ”f) aly) = (g (1)) Hy) = (g yol)» (@)= (31; ?)

Ad(g)z == gxg™", Ad(9)f(z) = f(g~ " zg)

f(r) = L) o= o)

whenever they make sense. For example, this is the case if g belongs to the unit
group B* of a quaternion algebra B over A as above and x belongs to (resp. f is
a function on) one of the sets B* /A%, B, B°.

We define the right regular representation preg(g)f(z) := f(xg) whenever it
makes sense.

Given a local (resp. global) field F', a nontrivial unitary character ¢ of F' (resp.
of A/F) and an element a € F*, we denote by ¢ the nontrivial unitary character
with the same domain as ¢ given by %(x) := ¢ (az).

For a finite-dimensional vector space V over a local field or adele ring, we denote
by S(V') the space of Schwartz—Bruhat functions ¢ : V' — C, topologized as usual
(see, e.g., [48, §11]).

and
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Let G be a group over an adele ring or a finite product of local fields. We
let C2°(G) denote the space of smooth compactly supported functions; as usual,
smooth means infinitely differentiable (resp. locally constant) with respect to the
archimedean (resp. non-archimedean) variables. Assume that we have equipped
G with a Haar measure dg. Let m be a smooth representation of a group that
contains G. Let f € C*°(G). We then define the operator 7(f) € End(w) by
T(f)v = [ eq F(9)m(g)vdg.

The use of Vinogradov notation is standard: A = O(B), A < B and B > A
each signify that |A| < ¢|B| for some “constant” ¢, with dependencies indicated by
subscripts; A =< B signifies that A < B < A.

We write 1g for the characteristic function of a subset E of some set X. For an
assertion A, we set 14 := 1if A is true and 14 := 0 if A is false.

We set C1) := {z € C* : |2| = 1}.

3. Local preliminaries

The purpose of this section is to collect local definitions, notation and identities
for later use. The notation introduced here should be self-descriptive with the
exception of that for the similitude Weil representation {2 defined in §3.2.5.

Let k& be a local field of characteristic # 2, thus k is either R, C or a finite
extension of Q, or (for p # 2) of F,(¢). The assumption on the characteristic is
relevant only for sections discussing the Weil representation.

Let ¢ : k — C() be a nontrivial unitary character of k, and let B be a quaternion
algebra over k. Set G := B*/k*. When k is non-archimedean, let R C B be a
maximal order.

3.1. Generalities.

3.1.1. The number field. We denote by |.| := |.|x : K = R the normalized abso-
lute value, so that d(cz) = |c| dx for ¢ € k and any Haar measure dz on k.

Let x(s) denote the local zeta function, thus ((s) = 7—%/2I'(s/2), 2(27)~*I'(s)
or (1—¢*)7! as k = R,C, or a non-archimedean local field with residue field of
cardinality q.

Recall that B is split if it is isomorphic to the algebra Ma(k) of 2 x 2 matrices.
Otherwise, B is called non-split or ramified; in that case, it is the unique (up to
isomorphism) quaternion division algebra over k, and the group G is compact.

When £ is non-archimedean, we denote by o the maximal order, by ¢ the maximal
ideal, by ¢q := #o0/q the cardinality of the residue field, by w € q = wo a uniformizer
(thus || = ¢~'), and by Ay the absolute conductor of ¢ : k — CV), thus A,, = ¢%
if 9 is trivial on g~ but not on q~%~!. Recall that 1) is unramified if Ay =1.

3.1.2. Measures. For X € {k, B, B}, define the perfect pairing (,) : X ® X — k
by (x,y) := zy if X = k and by (z,y) := tr(z'y) if X = B°, B. Equip X with the
Haar measure dz for which the Fourier transform F : S(X) — S(X) defined by
Ff(&) = [ ex f@)p((z,€)) dr satisfies the inversion formula

FFf(z) = f(—=x). (3.1)
Equip k* with the Haar measure [, f:= [ .. f(2) da

Jal
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The quotient k* /k*? is finite. We equip it with the Haar measure d; x compat-
ible with the squaring map, so that for f € C.(k*),

v _ 2 dz) dy 3.2
/ S // </ fw= ) B9 (3.2)

For f : k*/k*? — C, one has explicitly fxekX/sz flx)dsy = % Dverx w2 f(2)-
Equip G with the Haar measure dg for which the integral formula

/zEB fz)dw= /geG (/zekX |nr(zg)[*f (=) |dzz> dg (3.3)

holds for f € C.(B). When B = M(k) is split, so that G = PGLy(k), a direct
calculation with differential forms gives for f € C.(G) that

f= F(n/(z)n(z2)aly)) dry das @ (3.4)
»/G /xl,mek /yelcX |yl

3.1.3. Volume formulas. Assume (for all but the final assertion of §3.1.3) that k
is non-archimedean. Write vol(E C X) to denote the volume of E with respect to
the measure that we have defined on X. Let J < G denote the image of R*; if B
is split, then J is a maximal compact subgroup of GG, otherwise it has index 2 in
the compact group G. Abbreviate vol(o) := vol(o C k), vol(o*) := vol(o™ C k*),
vol(J) := vol(J C @), vol(R) := vol(R C B) and A := Ay. Let Ap denote the
reduced discriminant, thus Ap, = 1 or ¢ according as B splits or ramifies. Set
CB(s) := Cx(25)Ck(2s — 1) if B splits and (p(s) := (x(2s) otherwise.

Lemma.

(i) vol(0) = A=Y2 vol(0*) = ¢, (1)t A~Y/2,
(i) vol(R) = A A™42 vol(J) = (x(1)¢p(1) T AZ AT3/2,
(iii) If B is split, then
vol(R)
vol(J)A—1/2

(iv) If k is real, B is non-split and 1(x) = e>™* then vol(G) = 4rx>.

= (r(2).

Proof. For (i)—(iii), we may reduce by dimensional analysis to the case A = 1.
The required formulas then follow from (3.2) applied to f = 1, or f = 1z and by
(3.3) applied to f = 114og (see [44, Lem 2.4.3] for details). For (iv), set f(z) :=
e=2m1r(@) - Apply (3.1) to see that [, f = 1. Apply (3.3) and2the substitution z
z/(2mnr(g))*/? to deduce that (21) = vol(G) [, _px |2[*e™*I" 2 = vol(G). O

|z]

3.1.4. Cartan decomposition. Suppose B = Ms(k), so that G = PGLy(k). Let
K < G be the standard maximal compact subgroup. Then G' = Uy cjx.|y1<1 Ka(y) K.
When k is non-archimedean, one has for f € C.(K\G/K) the integral formula

= vol) 3 a1+ L™ el (3.5)

m2>=0
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3.1.5. The E-function. Given a maximal compact subgroup K < G, let =: G —
R< o denote the Harish—-Chandra function relative to K:
e If B is non-split, then = = 1.
e If B is split, then E(g) = (gv,v), where v is a K-invariant unit vector in
the unitary induction of the trivial character of a Borel subgroup of G (see
[6]).
The following properties of Z are relevant for us:
(1) Tt satisfies (1) = 1, and is bi-K-invariant.
(2) If B is split, then under any fixed identification G = PGLy(k), one has
E(a(y)) < log(t)/t"/? with t := |y| + |y| L.
(3) Let 7 be an irreducible unitary representation of G. If B is split, assume
that dim(w) > 1. Then there exists § > 0 so that for v1,ve € 7, one has
(g1, v2) Koy 0p Z(g)° for all g € G. (See for instance [25, §2.5.1] for a more
precise assertion).

3.1.6. Conwvergence lemmas. We record some estimates that follow readily from
the Cartan decomposition for G.

Lemma 1. Either let X be one of the spaces B®, B and take ¢1, s € S(X), or let
X = G and take ¢1,¢92 € CX(G). For g € G, one then has

<Ad(g)¢17¢2>L2(X) L by, 2 5(9)2-
Lemma 2. Let 6 > 0.
(1) The integral [ . E2+9(g) dg converges.
(2) Let E be a separable quadratic subalgebra of B. Let H < G denote the image

of E*. Equip H with some Haar measure. Then the integral fheH =Z°(h) dh
converges.

3.1.7. Conventions. By a representation of a k-group, we always mean

e a smooth representation, if k is non-archimedean, and otherwise
e the space of smooth vectors in a unitary representation.

3.2. Weil representations.

3.2.1. Quadratic spaces. Let V be a quadratic space over k, thus V is a finite-
dimensional k-vector space equipped with a non-degenerate quadratic form gy :
V xV — k. We denote by by : V® V' — k the associated non-degenerate bilinear
form given by by (z,y) := qv(z +y) — qv () — qv (y).

Recall that GO(V) < GL(V) consists of all g € GL(V) for which there exists
A € k* with gy (gr) = Av(x) for all z € V, O(V) < GO(V) is the subgroup
on which A = 1, and SO(V) = SL(V) N O(V). The group GO(V) contains the
subgroup k™ of scalar operators, and we set PGO(V) := GO(V)/k*.

Let py denote the measure on V' that is (¢, by )-self dual, i.e., that for which
F : S(V) — S(V) defined by Fo(§) = [, oy d(x)(bv(7,§)) duy (z) dr satisfies
FFo(x) = ¢(—x).

The following examples of quadratic spaces are relevant for us:

(1) V = B, qv = nr, so that by (z, &) = tr(z*¢) = (z,§).
(2) V = BY gy the restriction of nr. The natural map Ad : G — SO(BY) is an
isomorphism.
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(3) V = k, regarded as a subspace of B, and gy the restriction of nr, thus
qv(z) = 2?2 and by (x,y) = 2xy for x € V. In this case, we denote the
orthogonal group by O1(k) := O(V) = {£1}.

For V = B, By, the measure duy (z) coincides with dz as defined in §3.1.2.

3.2.2. Metaplectic group. Let Mpy(k) denote the metaplectic double cover of
SLa(k). It is convenient to identify Mp, (k) with SLa(k) X pa, where po := {£1},
with the group law given by (s1,(1)(s2,(2) = (8182, (1{2¢(s1, $2)) for a cocycle ¢ :
SLo(k) x SLa(k) — {£1} asin [11, p.19] or [33, §4.4]. Thus u2 is a central subgroup
of Mp,(k), and one has a short exact sequence 1 — iy — Mpy(k) 25 SLy(k) — 1.

3.2.3. Weil representation. For a quadratic space V', one has the Weil representa-
tion [48] on the Schwartz—Bruhat space S(V):

pit s Mpy (k) x O(V) — GL(S(V)).

This representation is continuous [48, §39] for the standard topologies on all spaces
involved and extends to a unitary representation on L2(V) := L?(V, uy).
For the remainder of §3.2.3, abbreviate p := p&;ﬁ. For s € Mpy (k) or g € O(V),

we abbreviate p(s) := p(s, 1) and p(g) := p(1, g); one then has p(s)p(g) = p(g)p(s).
Elements ¢ of the central subgroup pe of Mp,(k) act by the scalar operators

p(¢) = ¢(V) 50 p factors through SLy (k) if and only if dim (V') is even.

There is a quartic character xu v : kX — C® and an eighth root of unity
vp,v € C) so that, abbreviating p(s) := p((s,1)) for s € SLa(k), one has for
¢ €S(V)and x € V that

p(n(b))o(x) = ¥ (bgv ())d(x),
p(t(@)d(@) = xy,v(a)|a]™ V) 2g(azx),
p(w)p(z) = vy,v Fo().
If V.= My(k), then x4, v is trivial and vy v = 1.
Elements g of the orthogonal group O(V) act by p(g)é(v) := ¢(g~*v). Suppose

that V = B°, so that Ad : G — SO(B°). For g € G and ¢ € S(B°), the function
Ad(g)¢ as defined in §2 agrees with p(Ad(g))¢: both send z € B to ¢(g~'xg).

3.2.4. Factorization. Let V be a quadratic space that admits an orthogonal de-
composition V = V'@ V" as a sum of two quadratic spaces. (The relevant example
is when V=B, V' =k, V" = B°)

Recall the dense inclusion S(V') @ S(V") — S(V') obtained by identifying ¢’ ®
¢" € S(V') @ S(V") with the function V' & V" 5 o' + o’ — ¢'(/)¢" ().

Given continuous linear operators T, 7', T" on S(V),S(V'),S(V"), respectively,
write T = T'®T" to denote that T(¢/ @ ¢") =T'¢' @ T"¢" for all ¢' € S(V'),¢" €
S(V"). In this sense, one has ply¥ (s) = p&g{(s) ® p&}g{,(s) for all s € Mp, (k).

We denote by 1 ® p&}g{/ (s) the operator on S(V) sending ¢’ ® ¢" to ¢’ ®

V" 1z
Pweir (8)0".

3.2.5. Euxtension to similitudes. The following definitions were inspired by [46, 1.3].
Let Q denote the space of functions ¢ : k* x B — C satisfying the conditions:
e For each t € k*, the function ¢[t] : B — C given by ¢[t](x) := ¢(t,x)
belongs to the Schwartz—Bruhat space S(B).
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e One has ¢(2%t,x) = ¢(t,2x) for all t,2z € k%, z € B.

Let pweil : PGLa(k) x PGO(B) — GL() denote the representation characterized
by the identities: for s € SLy(k),y € k*,g € GO(B),

(pwen ()8)11] = Pl (5)(@11),
(pweir(a(y))d)[t] = lylo[ty],
(pwein(9)0)(t, 2) = (A(g)t, g~ ')
where A : GO(B) — k* denotes the similitude factor.

Remark. More generally, if V is any even-dimensional quadratic space, then the
representation P%\}e‘;l factors through SLa(k) x O(V). One can induce it to a repre-
sentation of GLa (k) x GO(V) on S(k* x V'), whose isomorphism class is independent
of 1. By taking coinvariants for the action by the center, one arrives at a represen-
tation of PGLy(k) x PGO(V). In the relevant case that V = B, the representation
obtained in that way is realized by 2. Our global discussion concerns the restric-

tion of © to SLa(k) x O1(k) x O(B®), which embeds as the “even subspace” of
0

)7 F )7, B
Orerx /kx2Pweil © Pweil

Equip © with the invariant hermitian norm ||.||q given by

w%:/ |W/ 6P (t, @) da d3 t, (3.6)
tekx kX2 z€B
or equivalently (by (3.3), (3.2)),
dt
w%:/ mww/ 2162 (¢, 9) L dg. (3.7)
9eG tekx |t]

Define & : @ — Q and Ad(g) : 2 — Q (g € G) by applying the general definition
(§2) to the second coordinate, so that for ¢ € Q and (¢,z) € k* x B, one has
(S9)[t] = &(¢[t]), So(t, x) = (o(t, x) + ¢(t, tr(x) —x))/2, Ad(g)¢ = pweir(Ad(9)) o,
(Ad(9)9)[t] = Ad(g)(¢[t]), Ad(g)e(t,x) = ¢(t, g~ xg).

3.2.6. The distinguished element. Suppose temporarily that k is non-archimedean
and that B & My (k) is split; similar considerations apply to non-split B, but we
do not need them. The distinguished element ¢° € Q (with respect to the chosen
maximal order R C B) is then defined by
S Lr(z2)1ox (:726) &
Joerx 1ox(2) 5

Note that ¢" takes values in {0,1}. Let K’ < PGO(B) denote the image of the
O(B)-stabilizer of R. One verifies directly that

(i) ¢°is K'-invariant,

(ii) &¢° = ¢°, and

(iii) if + is unramified, then ¢° is invariant under PGLg(0) < PGLa(k).
Lemma 1. ||¢°||3 = vol(R).

¢0(t7 .’L‘) =

(3.8)

Proof. Since ¢ takes values in {0, 1}, one has

T A B GO
€k [k*2 TE€
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By expanding the definition of ¢° and using that [ _,1r(zz)dz = |z|~*vol(R)
and that [t]2|2|7*1,x (272t) = 1,x (272t), our task reduces to showing that

d d
/ / 1o (=20 Z gy :/ Lo (2) .
tekx Jkx2 Jzekx |2 TEkX ||

as follows from (3.2). O

Let K < G denote the image of R*. We may then fix an identification B =
M5 (k) under which G = PGLa(k), R = Ma(0), K = PGLy(0).

Lemma 2. Let ¢1,¢92 € C¢°. Let g € Ka(w™)K for some m € Zso (see §5.1.4).
Then (Ad(g)é1, ¢2)o = q~ " (d1, d2)a-

Proof. We expand the definitions and use that vol(gRg=* N R) = ¢ ™ vol(R). O

3.3. Generic representations of PGLy. We refer to [5, §4.4, §4.6] for details
on and proofs of the facts collected here. Let m be an irreducible representation
of PGLa(k). Recall that 7 is generic if it admits a Whittaker model W(m, 1),
consisting of W : PGLy(k) — C satisfying W (n(z)g) = ¢¥(z)W(g). It then admits
a Kirillov model KC(m, ), consisting of W : k* — C of the form W(y) := W’ (a(y))
for some W' € W(m, ). The vector space K(m,) is independent of ) and contains
C>®(k*). Recall that 7 is unramified if the space 7°GL2(°) of PGLy(0)-invariant
vectors in 7 is nonzero, and that in that case, dim(7"Gl2(0)) =1,

Suppose for the remainder of §3.3 that 7 is generic and unramified. Let 9% be
an unramified unitary character of k. There is then a unique PGLy(0)-invariant
vector W2 in the Kirillov model K(m,9°) of m for which W2(1) = 1. There is a
unique unordered pair {«a, §} of complex numbers, the Satake parameters of m, so
that for y € k™ with |y| = ¢~ ",

o an+1 _ 6n+1
W2y =y['? D =1 (y)lylV? (3.9)
iy » a—p
1,j€L>0i+j=n
One has in general o8 = 1; if moreover 7 is unitary, then either || = |3] =1 or

a,B € (—q'/?,¢"/?) CR. The adjoint L-factor is defined for s € C by
L(adm,s):=(1—aB ¢ ) ' (1 —q¢ %) (1 —a B )L

We have the following standard geometric series evaluation (see, e.g., [5, Prop 3.8.1],
taking into account that we have normalized measures differently).

Lemma. If 7 is unitary and Re(s) > 0, then L(adm,s) is finite, and one has the
identity
dy L(adm,1+s) , —1/2C(1+9)

0 2 s 79
/yekx WPl 1 = ~a@res) & G (8.10)

in which the left hand side converges absolutely.

3.4. Representations of G. Let 7 be an irreducible representation of G. Define
a compact open subgroup J < G in the following two cases:

e if k is non-archimedean, take for J < G the image of the unit group R* of
the chosen maximal order R C B;
e if k is real and B is non-split, set J := G.

In either case, set vol(J) := ngG 1;(g)dg and ey := vol(J)~11; € C=(G).
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3.4.1. Hecke kernels and theta kernels. Assume that k is non-archimedean. For
y € k>, the normalized Hecke kernel T, € C2°(J\G/J) is defined to be the element
with the property that |y|~ vol(.J)T), is the characteristic function of the image in
G of the subset {b € R : |nr(b)| = |y|} of B*. For example, if y € 0™, then T}, = e;.

Lemma. Lety € k>, g € G. Choose § € B* with image g. Then
pweir(a(y))e® (nr(g) ™, g) = [y|6° (ynr(§) ™", §) = vol(J)T, (9)
where ¢° € Q is the distinguished element (§3.2.6).

Proof. We must verify that

S 1r(z0)Lox (ymr(zg) 1) £

dz
szkX 1°X (Z) e

Let ¢ € G. The right hand side of (3.11) is independent of g, and both sides
take values in {0,1}. The right hand side of (3.11) is nonzero iff its integrand is
nonzero for some z € k*, i.e., iff for some z € k* the element b := 2§ lies in R and
|nr(b)| = |y, i-e., iff the left hand side of (3.11) is nonzero.

ly| =" vol(1)T, (9) = (3.11)

O

3.4.2. Hecke functionals and standard L-factors. Continue to assume that k is
non-archimedean. Recall that 7 is unramified if the space 77 of J-invariant vectors
in 7 is nonzero; it is known then that dim(7”) = 1.

Suppose for remainder of §3.4.2 that 7 is unramified. There is then a unique func-
tional A\ : C°(J\G/J) — C so that 7(T)v = A (T)v for all T € C*(J\G/J),v €
/. We may evaluate this functional on the elements T, attached above to y € k*:

e If B is split, then there is a unique unordered pair {a, 8} of complex num-
bers (the Satake parameters) satisfying a8 = 1 so that A:(T,) = 0 unless
ly| = ¢~™ with n > 0, in which case (see, e.g., [5, §4.6])

y|1/2 an—i—l _ Bn—i-l

A(T) =1yl Y alB =1 (y)l o

1,§€Lx0ri+i=n

(3.12)

e If B is non-split, then there is a unique unramified quadratic character 7
of k* so that A (T,) = |yIn(y).

The standard L-factor is then the meromorphic function defined for s € C by

L(r, s) (1—aq*)"1(1—Bg=*)~t if B is split,
ﬂ-’ =
(1 —n(w)g=s~1/?)~1 if B is non-split.

3.4.3. The local Jacquet-Langlands correspondence. The Jacquet—Langlands lift
7y, of m is an irreducible representation of PGLy(k) attached to m. The following
properties of the association 7 — 71, are relevant for us:
e 7y, is generic if (and only if) either
— B is non-split, or
— B is split and dim(7) > 1.
o If B is split, then my;, corresponds to 7 under the isomorphism G =2
PGLy(k). In particular, if 7 is unramified, then so is mr,, and Satake
parameters (see §3.3, §3.4.2) are preserved.
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Assume now that that k is non-archimedean, that B is split, that « is unramified,
and that dim(w) > 1. Then 7y, is generic and unramified. Let W2 : kX — C
denote the function attached to 7y, in §3.3. By (3.9) and (3.12),

W2(y) = Ax(Ty). (3.13)

3.4.4. Local integrals. Assume first that &k is non-archimedean, that 7 is unrami-
fied, and that 7 is unitary. Retain the notation of §3.4.2.

Lemma 1. Suppose that B is split and that dim(7) > 1.
(i) |, |8] < ¢'/2. In particular, L(m, ) is finite.

(ii) Let ¢1, ¢ belong to the line C¢° spanned by the distinguished element ¢° €
Q. Let v1,vy € ©. Then the identity

L(m, 3)
Ck(2)
holds, with the left hand side converging absolutely.

/ _(Ad(g)on, ) g1, va) dy = vol(J) (g1, dolor, ) (3.14)

Proof. For (i), see [5, Thm 4.6.7]. For (ii), the convergence follows from §3.1.6. Let
{a, 8} denote the Satake parameters of m and set t; := ag~ /2ty := Bq~/?, so
that L(m, 4)~! = (1 —t1)(1 — t2). The Macdonald formula [5, Thm 4.6.6] says that
(gv1,v2) = (u1tT + uth?)(v1, v2), where
1 1-—q¢'B/a 1 1-q'a/B
Uy = , U2 =
1+q¢ 1 1-p/a 14+¢t 1—a/p
By the Cartan decomposition and Lemma 2 of §3.2.6, we obtain

/€G<Ad(g)¢la ¢2> dg(gvl, ’l)2> = VOl(J)<¢17 ¢2><U17 UZ>27

where ¥ = 37,030 o(1 + Lnsog™H)t*. We compute that Y7, ui(1 +
q_lti)(l — ti)_l = L(TF, %)Z/ with ¥/ := Zi:l,Z ui(l + q_lti)(l — ti/)_l, {i,il} =
{1,2}. Direct calculation gives ¥’ = (3(2)~!, as required. O

Suppose now that B is non-split, so that 7 is the one-dimensional representation
corresponding to the character G 5 g — n(nr(g)) € {£1}, as in §3.4.2. Let v, vy €
7. Recalling that [G : J] = 2, we have

0 if  is nontrivial,

/€G<Ad(9)€J76J>L2(G) (g1, v2) dg = (v1,v2) - { (3.15)

2 if p is trivial.

Suppose, finally, that £ = R, that B is non-split, and that 7 is trivial. For
v1, V9 € m, one then has

/EG<Ad(g)eJ7€J>L2(G) (gv1,va) dg = (v1,v2). (3.16)

4. Global preliminaries

In this section, we collect those preliminaries for the proof of Theorem 4 whose
discussion makes sense independently of that proof.

Let F' be a number field with adele ring A, let B be a quaternion algebra over
F, and let ¢ be a nontrivial unitary character of A/F.

4.1. Generalities.
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4.1.1. Notation. We denote by Op, or simply O, the ring of integers in F. We
denote by p a place of F', finite or infinite. A subscripted p denotes completion;
for example, O, denotes the ring of integers of F} if p is finite. For a finite set
of places S, a subscripted S denotes a product taken over S, such as in Fg :=
Hpes Fyp, Bs = HpES By.

The character ¢ factors as 1 (z) = [[ ¢y (zp), where 1), is a nontrivial unitary
character of Fj,.

For a place p, let ¢, := (F, denote the local Euler factor. Let {r(s) := [[(p(s)
denote the Dedekind zeta function (absolutely convergent for Re(s) > 1) and
€5 (1) := ress1 &p(s) its residue. For a finite set S of places that contains the

infinite places, let (}S) (s) := [I,es ¢p(s) denote the partial Dedekind zeta function.

4.1.2. Groups. For an algebraic F-group G, we write G := G(F),G, = G(F}),
Gu = G(A), Gs == G(Fs) = [[,c5Gp, [G] :== G\Ga. This notation applies to
the F-group PB”™ given by PB*(A) := (B ®p A)*/A* and also to the F-groups
PGL2, SLy. We similarly abbreviate [Mp,] := SLa(F)\ Mpy(A) (see §4.4.1).

4.1.3. Measures. When G is semisimple, we equip G, and [G] with Tamagawa
measures. Then vol([SLzy]) = 1 and vol([PGL3]) = vol([PB*]) = 2. We denote by
{,)¢ the corresponding inner product on L?([G]), omitting the subscripted G if it
is clear by context.

For each place p, the character ¢, induces (via the recipe of §3.1.2) a Haar
measure on Fy, By, F /sz PB ; we equip A, By, AX/AX? and PB) with the
corresponding restrlcted product measures, denoted similarly. This defines the
Tamagawa measure on PB. The quotient measures on A/F and B, /B are then
probability measures. We likewise equip finite products such as Fg or PB§ with
product measures.

We equip A* with the regularized product of the measures constructed in §3.1.2:
for a factorizable function f =[] f, € C2°(A*) for which f, = 1Opx for almost all

finite primes p, we set

/yemﬂ D= Em

We thereby obtain a quotient Haar ﬁ on AX / F* whose pushforward under |.| :

A*/F* — R is the standard Haar measure
measure.

The quotient measure on the discrete group F'* /F*? compatible with the squar-
ing map is half the counting measure, i.e., for finitely-supported f : F* — C, one
has ) px f(z) = %ZyeFX/F“(EZGFX f(yz?). On AX/F*A*2 we take the
quotient measure d; y induced by the exact sequence 1 — F*/F*2 — AX/A*2 —
AX/F*A*? — 1, where F'* /F*? is equipped with half the counting measure. Thus
for f € C.(AX/A*?),

/eAX/FxAx2; Z f(ay)d2y_/ f (4].)

EFX F><2 A></1&><2

[0 /yEFX foly) 22

lyl

‘ tl on RY, where dt denotes Lebesgue

By decomposing the Haar on A* in two ways, one finds for f € C.(A*/F*) that
Jax jox F = Juenx jpxare Jyenr jox F(@y°) % d3 s; moreover, vol(A* /FXA*%) = 2.
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Finally, for f € C°([PGLy]),

/ f= / f(sa(y)) ds d3y. (4.2)
[PGL3] yEAX/FXA><2 s€[SLa]

4.1.4. The E-function. Fix a maximal compact subgroup K = [[ K, < PB). Let
= : PB; — Cbe the product Z(g) := [ Zp(gp) of the functions =, on PB, attached
in §3.1.5 to the factors K.

4.1.5. Conventions. A cusp form is a smooth vector in the Hilbert space L2, ([G])
of square-integrable cuspidal functions. A cuspidal automorphic representation m of
G is the space of smooth vectors in an irreducible subrepresentation of L2, (|G]).

4.2. Automorphic forms on PGLs.

4.2.1. Fourier expansions. Let ¢ : [PGLy] — C be a smooth function. It admits

the Fourier expansion p(n(z)a(y)) = co(y) + > cpx Y(T2)W, (1Y), where c,(y) =
fzeA/F o(n(x)a(y)) dr denotes the constant term and

W)= [ vt de (43)

denotes the (diagonal restriction of) the Whittaker function. The upper-triangular
Borel subgroup of PGLy(A) has dense image in [PGLs], so ¢ is determined by the
values p(n(x)a(y)) for x € A,y € A*. Recall that ¢ is cuspidal if ¢, = 0; in that
case, ¢ is determined by W,.

4.2.2. Kirillov model. Let m# C L?([PGLs]) be a cuspidal automorphic repre-
sentation; it is (the smooth completion of) a restricted tensor product &y,
where 7, is a generic for every p and unramified for almost all finite p. Let
K(m,¢) == {W, : ¢ € n}. The natural map 7 — K(m,) is a linear isomor-
phism under which the pure tensors in 7 correspond to the factorizable functions
W(y) =] Wyu(yp), where W, belongs to the local Kirillov model K(my, ¢,) and sat-
isfies W, = WT?p (see §3.4.3) for almost all finite p. The following residue calculation

is standard and may be derived from, for instance, [25, Lem 2.2.3].

Lemma. Let ¢ € w. The integral I(s) := fyeAX W (y) 2yl ‘%y‘ converges absolutely

for complex numbers s with positive real part, extends to a meromorphic function
on the complex plane, and satisfies

21es, 50 I1(s) = || (4.4)
4.2.3. Adjoint L-function. For 7, S as in the lemma of §4.2.2, the partial adjoint
L-function is defined for Re(s) > 1 by the absolutely-convergent Euler product

LB (adm,s) := [I,¢s L(admy, s); it continues meromorphically to the complex
plane, and is holomorphic for (at least) Re(s) > 1 (see [10]).

4.3. Automorphic forms on PB*.
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4.3.1. Jacquet-Langlands lifts. Let 7 = @m, C L*([PB*]) be a cuspidal automor-
phic representation with dim(7) > 1. By [40, Prop 4],

dim(rm,) > 1 for any prime p at which B splits. (4.5)

The Jacquet-Langlands lift 7y, = ®my,, C L*([PGL2]) is the unique cuspidal
automorphic representation for which 7y, = (m,)s, for each place p. If p is
a finite prime at which B splits and for which 7, is unramified, then (my), is
unramified. The association w — 7y, is injective.

4.3.2. The pretrace formula. Assume that B is non-split, so that [PB*] is compact.
Fix a maximal compact subgroup K of PB. The pretrace formula asserts that for
f € CX(PBy) and z € PBy,

Y > el@r(fea) = > fla ), (4.6)

yePBX

where 7 traverses the irreducible subrepresentations of L?([PB*]) and ¢ traverses
an orthonormal basis B() of m consisting of K-isotypic vectors. Ounly finitely many
summands on the right hand side of (4.6) are nonzero, while the condition on B(r)
implies that the left hand side of (4.6) converges absolutely, or indeed, rapidly: Let
C(m) = ][, C((mp)sr) € Rx1 denote the analytic conductor of 7 (see, e.g., [25,
§3.1.8, §4.1.4]). By (e.g.) the proof of [26, Thm 9.1], one has for each A > 0

YA Y 1B (f)e()| < cc. (4.7)

Note also that there exists Ag > 3 so that (see, e.g., [25, (2.15)]).

ZC’(W)fA" < 00 (4.8)

Let S be a set of places containing the infinite ones. Let R C B be a maximal
order. For each p ¢ 5, let J, < PBpX denote the image of Ry, as in §3.4, and set
J = Jly¢s Jp- Suppose that f = fs ® (®pgsTy,) for some fs € C°(PBS) and
y € AX, where T, is the Hecke kernel as defined in §3.4.1 relative to J,. The
formula (4.6) then specializes to

SO e@mfs)e@) [ Aey (Ty) = D fslag'yas) [[ T, (25 7).
T pes ~EPBX pgs
(4.9)
where 7 C L?([PB*]) now traverses the subrepresentations that are unramified out-
side S (i.e., that contain a nonzero J-fixed vector) and ¢ traverses an orthonormal
basis of K-isotypic vectors for the J-fixed subspace 77 of .

4.3.3. L-functions. Let m C L?*([PB*]) be a cuspidal automorphic representation
with dim(7) > 1. Let S be a finite set of places containing all infinite places as well
as any places at which either B or 7 ramifies.

The partial standard L-function is defined for Re(s) > 1 by the absolutely-
convergent Euler product L) (rr, 5) := Hp ¢s L(my, s); it continues meromorphically
to the complex plane, and is holomorphic for (at least) Re(s) > 1/2 (see, e.g., [5,
§3.5)).

Set LS) (ad 7, s) := L) (ad 1., 5) (see §4.2.3). By [12] (cf. [3, §2.9]), one has

O(m)~¢ <. LW (ad m,1) <. C(n)* for each & > 0. (4.10)
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4.4. Theta functions.

4.4.1. Metaplectic group. Let Mpy(A) denote the metaplectic double cover of
SLy(A); it fits into a short exact sequence 1 — g — Mpy(A) 25 SLy(A). We
may identify it with SLo(A) X ug, with the group law given by (s1,(1)(s2,(2) =
(s182, (1Cac(s1, 82)), where ¢ is the product of the cocycles from §4.4.1. We identify
SLo(F') with its image under the unique splitting SLay(F') < Mp,(A).

We may similarly define Mp,(Fs) as a double cover of SLy(Fg) for any collection
S of places of F.

4.4.2. Quadratic spaces. We define quadratic spaces V over F' as in §3.2.1. The
relevant examples are still V = B, B%, F. We equip Vj with the (¢, by )-self dual
measure py . That measure is the product of the measures uy, on the local spaces
V, attached to v, and is independent of v: it assigns volume one to a fundamental
domain for V4 /V.

4.4.3. Weil representation. For a quadratic space V' over F', the Schwartz—Bruhat
space S(V,) factors as the (completed) restricted tensor product S(Va) = @S(V}).
The Weil representation p{,p\}gl : Mp,y(A) x O(Vy) — GL(S(V4)) is given by p%gl =
®pww”e’i‘l/” in the evident sense.

We may similarly define a Weil representation p%ﬁl : Mpy(Fs) x O(Vs) —
GL(S(Vs)) for a finite set S of places of F.

4.4.4. Theta kernels. Let V be a quadratic space over F. For ¢ € S(Va),
s € Mpy(A) and g € O(Va), set 0y(9)(s,9) = D ey p@gl(s,g)cb(a:). The sum
converges absolutely and defines a smooth function 8,(¢) : [Mp,] x [O(V)] — C.
We employ notation such as 6y (¢; s, g) := 0y (¢)(s,g). Observe that

04(0555,99') = 04 (Pl (s, 9 )3 5, 9) (4.11)

4.4.5. Elementary theta functions. Let V = F, regarded as a quadratic subspace
of B as in §3.2.1. In that case, we abbreviate O;(F) := O(V) = {£1}. For
¢ € S(Va) = S(A), we denote also by 60,(¢) the elementary theta function on
[Mp,] obtained by restricting to the first factor of the theta kernel defined in §4.4.4,

thus 0y (¢)(s) 1= 0y ()(5,1) = X p P (8)(2). By (4.11),

Pres()00(6) = O (P (5)9) for 5 € Mpy(A). (412)
The O;(F)-invariance of the theta kernel says that for ¢ € S(A),
05(68) = 0u(6-) with ¢_(x) = ¢(—). (4.13)

4.4.6. Ternary theta lifts. Suppose V = B Given ¥ : [PB*] — C and ¢ €
S(BY) and s € Mpy(A), set Oy(¢, ¥;s) := se[PBX] U(g)0y(¢; s, Ad(g)) dg, where

Ad : PBY = SO(BY?) is the isomorphism induced by the notation of §2. If ¥
is a cusp form, then the integral converges absolutely and defines a cusp form
0 (0,¥) : [Mp,] — C. By (4.11),

Preg(5)0 (6, 1) = 0Pl (5)6, T) for s € Mp,(A), (4.14)
0, (Ad(9) P, preg(g)¥) = Oy (¢, V) for g € PB) . (4.15)
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4.4.7. Factorization. If the quadratic space V decomposes as the direct sum V' &
V" of quadratic subspaces, then the factorization of the Weil representation (§3.2.4)
implies the factorization of theta functions: for g = ¢’ x ¢” € O(V{) x O(V{') <
O(Va) and ¢ = ¢/ @ ¢ € S(Vi) with ¢' € S(V)),¢"” € S(V{') (see §3.2.4),

Oy (35,9) = 0y(&'55,9")0u("; 5,9"). (4.16)
With ¢ as in (4.13) and notation as in §2, one has
Ad(g)¢ = ¢' ® Ad(g)¢" (4.17)
1
G¢p = 5(gb’+<;5’,) ® ¢". (4.18)

4.5. Equidistribution of products of pairs of elementary theta functions.
The purpose of this section is to recall and apply some results from [33]. Let
71,72 € F*. Throughout this section, we regard ¥, 71,72, F, B as fixed: implied
constants may depend upon them without explicit mention. We assume also (for
technical convenience) that B is non-split.

4.5.1. Some asymptotic notation. Given a topological vector space S, we adopt
the convention (similar to “big O notation”) of denoting by C(¢) any quantity
depending continuously upon ¢ € S; the continuity is assumed uniform in all
auxiliary parameters except those explicitly labelled “fixed.” The space S itself
is always regarded as fixed, of course. This convention applies in particular to
Schwartz—Bruhat spaces of finite-dimensional vector spaces over local fields, over
finite products of local fields, or over adele rings.

Similarly to the “e-convention” of analytic number theory, we allow the precise
meaning of C(¢) to change from one occurrence to the next. When we specif-
ically wish to distinguish between several such quantities, we use the notation
C'(¢),C"(¢), and so on.

For example, let V' be a vector space over F' (always assumed finite-dimensional).
Let £ denote the ring of finite adeles, so that A = F.o x F' with F 1= Hp‘oo F,.
Similarly, write Vi = Vi x V. The Schwartz—Bruhat space S (Vi) factors as the
algebraic tensor product S(Va) ® S(V). Suppose given some quantities a(¢;t1, t2)

and b(¢;t1,ts2) depending upon ¢ € S(V4) and some auxiliary parameters ¢y, to.
The notation

a(¢; t1, tQ) < b((b, t1, t2)6(¢) for fixed tg (419)
means that for each t5 and each ¢ € S (V), there is a finite collection P of polyno-

mials on V,, and a finite collection D of translation-invariant differential operators
on Vo (thus D consists of linear combinations of monomials with re-

2 d
3$i1 e 8$Zn
spect to some coordinates x; : Voo — R) so that for all ¢ € S(V) and all
tlv

|a(Goo @ 53 t1,t2)| < [B(oo @ Grit1,t2)] D D IIPDocl| oo (voe).
PeP DeD

One could just as well write “the functional S(Vy) 3 ¢ — a(¢;t1,t2)/b(P;t1,t2) is
defined and continuous, uniformly in ¢;.”
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4.5.2. Simple estimates for lattice sums.

Lemma 1. Let n € Zso. Let A >0 and to > 0 be fized. For each ¢ € S(R™) and
t > to, one has 3, czn_ oy [0(t0)] < [t|=4C(9).

Proof. The left hand side of the required estimate is bounded by
Clt|=* sup |a|" 4|4 (z)]
zER™

Wlth C = |t0|7(7’b+1) Z’UEZ"—{O} |'U|7(n+l+A) < Q. |:|

Lemma 2. Let V be a vector space over F. Let A > 0 and tog > 0 be fized. For
¢ € S(Vi) and y € AX with |y| > to, one has 3-,cyy_ (o) [d(yv)] < ly|=4C(9).

Proof. Let A1) := {y € A* : |y| = 1} denote the subgroup of norm one ideles.
By the compactness of A()/F* and the continuity of the dilation action of AX
on §(Va), it suffices to consider the case that y, = 1 for all finite p and y, = ¢
for all infinite p, where ¢t € RY satisfies t > t; := to/""%. Each ¢; € S(V) is
bounded and satisfies supp(¢;) NV C L for some lattice L < V, so it suffices to
show that for fixed A > 0, fixed L < V, all ¢ € §(V) and all ¢ > ¢1, one has
> ver—{oy [o(tv)| = O([t|=AC(¢)). By choosing a Z-basis of L, we reduce to Lemma
1. O

4.5.3. Simple estimates for theta functions. Recall that the Iwasawa decomposition
asserts that each s € SLo(A) may be written in the form s = n(x)t(y)k, where
x € A,y € A* and k belongs to the standard maximal compact subgroup of SLa(A).
The decomposition is not unique, but the quantities  and |y| depend only upon s.

We define ht : [SLy] — Ry by ht(g) := max,cgr, ) hta(vg), where hty :
SLa(A) — R is defined with respect to the Iwasawa decomposition s = n(x)t(y)k
by hty(s) := |y|*/2. One has f[SL2] ht' ™% < oo for € > 0. Reduction theory says that
the image of ht is bounded from below by some ¢ > 0 depending only upon F. We
extend ht via pullback to a map [Mp,] = Rxg.

Recall that the nontrivial unitary character ¢ of A/F is regarded as fixed.

Lemma 1. Let A >0 be fized. Let ¥ € L*([PB*]) with (¥,1) = 0. Let ¢ € S(BY).
For s € Mpy(A), one has 0(¢, ¥; s) < ht(s)~4C(¢)||¥| 1.

Proof. Since ¥ has mean zero,
bows) = [ we) 3 e Ade)ewds (420
9€ PBX] vev—{0}

By the Iwasawa decomposition and reduction theory, we may assume that s =
n(x)t(y)k with |y| > 1. Since B is non-split, we may fix a compact subset U of
PBj containing a fundamental domain for [PB*]. Then

105 (6, T 9)| < [l g2 sup D7 [pbilh (k. Ad(g))6(yv).

9€U eBO_ {0}

Since the Weil representation is continuous [48, §39], we may reduce to the case
k =1and g = 1, in which the required estimate follows from Lemma 2 of §4.5.2. [

Lemma 2. For ¢ € S(A) and s € Mp,(A), one has 0,(¢; s) < ht(s)/4C(4).
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Proof. We argue as in the proof of Lemma 1, but take into account the contribution
from 0 € F' to the definition of 6, (¢). O

4.5.4. Main estimate: the case of pure tensors.

Lemma. Let ¢),¢% € S(A) and ¢Y,¢4 € S(BY). Let ¥1,¥y : [PB*] — C be
integrable functions of mean zero. Let 11,70 € F* be fixed. Abbreviate 0; :=
Oy (¢;) and h; := 0y (¢, 9;). Then for all s € Mpy(A),

<91 'preg(s)h1>92 'preg(s)h2> = <91792><h17h2 +O E H C ” |‘I/ ||L1

1=1,2

Proof. The main result of [33] gives an estimate essentially of the required shape,
but instead with the error term Z(s)S(¢;)S(45)S*(hihs), where S,8% are the
adelic Sobolev norms defined in loc. cit. and [25, §2]. By the cuspidality of 1, he and
axioms (S3b) and (S4e) of [25], we may replace the expression SX(h;hy) first with
SX(h1)S8X(hy) and then with S(hq)S(hy). Our task thereby reduces to showing for
i =1,2 that S(¢}) < C(¢;) and S(h;) < C(¢)||¥;]| 1. The first of these estimates,
i.e., that the norms S are continuous, follows readily from the definitions of those
norms. The second estimate follows similarly, using Lemma 1 of §4.5.3. (]

4.5.5. Factorization. Let V', V" be vector spaces over F and V := V' ¢ V".

Lemma. Let{: S(V{)RS(VY') — C be an algebraic linear functional on the algebraic
tensor product of Schwartz—Bruhat spaces satisfying an estimate of the form

U’ ®¢") < C'(¢)C"(¢")
on pure tensors. Then { extends to a continuous functional £ : S(Vy) — C satisfying
l(¢) <C(9)
for all ¢ € S(Vy), where C depends only upon C' and C".

Proof. This is essentially the Schwartz kernel theorem, as extended by Bruhat [4,
§5], and follows from a standard “square-root of a partition of unity” argument. [

4.5.6. Main estimate: the general case. Temporarily denote by Ay the space of
integrable functions ¥ : [PB*] — C of mean zero. Let &, -, : S(By) ® S(Ba) ®
Ay ® Ag — C denote the sesquilinear form given for ¢; = ¢, ® ¢/ € S(Ba) with
1,05 € S(A), ¢, ¢5 € S(BY) by
71,72(¢17¢2,‘I/1,‘1’2) 1= (01h1, 02h2) — (01,02)(h1, ha),
where we abbreviate 6; := 0,,(¢;) and h; := 0,,(¢!,¥;). (The definition makes
sense: a priori estimates as in §4.5.3 and the density of S(A) ® S(BY) in S(Ba)
allow us to extend &, -, continuously from its initial domain.)
Proposition 1. For ¢1,¢2 € S(By), V1, Vs € Ag and s € Mp,(A), one has with
T RO

p5(s) == p&c’f (8) the estimate

Eri s (1@ 5 ()1, (1@ pi (5)) 2, W1, Wa) < E(s) [] CoNIWsller.  (421)

7j=1,2

The implied constant and the uniformity of the continuity of C(¢;) depend at most
upon ¥, 11, T2, F, B. The operator 1 @ pg'(s) is defined as in §3.2.4.
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Proof. The lemma of §4.5.5 reduces the general case of Proposition 1 to the special
case in which ¢; = ¢, ®¢Y for i = 1,2, which follows from the lemma of §4.5.4 upon
recalling from (4.14) that 6, intertwines pj with preg. O

4.5.7. Invariance properties. We record these for later use.

Lemma. For g1,g2 € PBY and s € Mp,(A), one has

Ery o (01,02, W1, V) = &) 1, (Gr, h2, ¥y, Ua)
= Ery 1y (01, Bha, V1, Uy)
=&y (Ad(91) 01, Ad(g2) B2, Preg(91) V1, Preg(g2) V2)
=& (pWeﬂ (8)o1, p\%?iiB(s)¢2, Uy, Uy).

Proof. The first two identities follow from (4.18) and (4.13), the remaining from
(4.12), (4.14), (4.15), (4.17), (4.18) and the translation invariance of the Petersson
inner product. U

4.6. Simillitude theta functions.

4.6.1. Weil representation. For each place p of F, let 2, denote the representation
of PGLy(F,) x PGO(B,) attached as in §3.2.5 to the tuple (F}, By, 9p). Let Q de-
note the restricted tensor product of the spaces €1, with respect to the distinguished
elements, which we denote now by ¢g € ,. We may and shall identify Q2 with the
space of functions ¢ : A* x By — C such that

e For each t € A, the function ¢[t] : By — C given by ¢[t](x) = ¢(t,x)
belongs to the Schwartz—Bruhat space S(By);

o ¢(2%t, 1) = ¢(t,zx) for all 2,t € AX x € By.

e There is a compact subset C' of AX/A*? such that ¢[t] = 0 for all t ¢ C
(i.e., for all t € A* whose image in A% /A*? lies outside C);

e There is an open subgroup U of AX/A*? such that ¢[tu] = ¢[t] for all

te A uel.
We equip  with the invariant hermitian norm ||.|| obtained by tensoring those on
the factors €2y, thus
2 . 2 2 X
lolhi= [ P [ ePadsdst (4.2)
teAX JAX2 €Dy

The group PGL2(A) x PGO(B,) acts on € by the representation pwei obtained as
the restricted tensor product of those defined in §3.2.5. We define & : Q2 — Q and
(for g € PB}) Ad(g) : © — Q as in §3.2.5. Note that & does not preserve pure
tensors: for ¢ = ®¢, € Q,

So(t,x) = (¢(t, ) + o(t, & — tr(2))) /2,
@&y (z,t) = H(@b(tpvl'p) + ¢ty zp — tr(2p)))/2,

and in general, these are not the same. They do coincide if #{p : G¢, # ¢p} < 1
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4.6.2. Theta functions. For ¢ € Q, s € PGLy(A), g € PGO(B,), set
1
@(d)a 579) = 5 Z Z pWeil(Sa g)¢(T7 ZZ:) (423)
TEFX |FX2 2€B

The sum is well-defined, converges absolutely and defines a smooth function ©(¢)
on [PGLy] x [PGO(B)]. For a cusp form ¥ : [PB*] — C and s € PGL2(A), set

(6, U; 5) i= / U(9)O(6 5, Ad(g)) dg. (4.24)

ge[PBX]

The integral (together with similar integrals below) converges absolutely and defines
a cusp form O(¢, ¥) : [PGLg] — C.

Remark. ©(¢,¥) is not a theta lift in the traditional sense: the integral in its
definition is with respect to the orthogonal group of B° rather than that of B.

4.6.3. Fourier exzpansion. Let ¢ € €, and let ¥ : [PB*] — C be a cusp form.

Lemma. Forx € A, y € A*, one has

06, U;n(z)a(y) = > Y(ra)W(O(4, ), 7y)

TEFX

where W(O(6, ¥),y) = [ cppx) ¥(9) X eppx lylo(ynr() ™, g vg) dg.

Proof. By direct unfolding as in [40], one has for g € PB} that

O () Adlg) =3 3 blo(ry,0)

TEFX FX2
+ > P(rz)W(O(¢), Ad(g), Ty),
TeFX
where W(0(¢), Ad(9), y) := X_, cppx |yl6(ynr(y) ™", g~ vg). We conclude by inte-
grating against W. (I

4.6.4. Restriction to SLy. Let ¢, U be as above.
Lemma. Let y € A*. Suppose that ¢ly] = ¢'[y] ® ¢"[y] for some ¢'[y] € S(A),
d"[y] € S(BY). Then for s € SLa(A),
1
O(¢, ¥;sa(y)) = 3 Z Y0y~ (&' [Ty]; 5)0y~ (" [Ty], ; 5). (4.25)
rEFX\Fx2
Proof. We derive first using (4.23) that for g € O(By),
1
O(@isa(y).g) =5 > [yl0u(9[ry]is.9).
TEFX\Fx2
hence by (4.16) that for g € O(BY?),
1
O(¢3sa(y), 9) = 5 S yl0ur (@ [ryl; 5)0yr (" [Ty 5, 9).
TEFX\FX2

We integrate against ¥ to conclude. O
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4.6.5. Unfolding the inner product. Let ¢1,¢2 € Q. Let Uy, ¥y : [PB*] — C be
cusp forms.

Lemma. Suppose that for each y € A*, one has ¢;[y] = ¢ily] ® ¢ [y] for some
iyl € S(A), ¢!ly] € S(BY). Then the following identity holds, with both sides
converging absolutely:

(O(1, V1), O(h2, ¥2))pcL,

1
- / A /F A |y|2? Z <91h17 92h/2>SL2 d;y7 (4.26)
yEAX X AX2

Tl,TQGFX/FX2
0; := Oyri (3[Tiy]), i := Oymi (&7 [T3y], V5). (4.27)

Proof. The left hand side is an inner product of cusp forms, hence convergent.
On the right hand side, we may replace the y-integral by a finite sum, since
the domain AX/F*A*? is compact and the integrand is invariant under an open
subgroup. For individual y, the sum over 7,79 has only finitely many nonzero
summands, each of which consists of an inner product whose convergence is
clear (see §4.5.3). The expansion (4. 25) implies for y € A* s € SLy(A) that
O(¢s, ¥i,a(y)s) = 5 ZEGFX/FXQ ly|6:(s)hi(s), so the required 1dent1ty follows from
the formula (4.2) relating integrals over [PGLQ] and [SLs]. O

Remark. In this paper, we consider several expressions shaped like the right hand
side of (4.26). On a first (or perhaps on any) reading, one should focus on the
contributions from y = 7, = 7 = 1; under some class number and unit group
restrictions, these turns out to be the relevant ones for our applications. (We
considered imposing such restrictions for the sake of presentation, but found that
doing so obfuscated rather than simplified.)

4.7. Inner product formulas.
4.7.1. Elementary theta functions. We recall part of [33, Thm 2].

Lemma. Suppose b1,¢» € S(A) satisfy d1(z) = d(~2), ba(x) = bo(—2). Let
T1,Ty € F*. Set 0 = 9¢T1 ((/!)1),92 = 9¢‘rl (¢2) Then <91a92>SL2 = 0 unless
T1 = To, in which case (01,02)sL, = 2(P1, P2)2(a)-

4.7.2. Ternary theta lifts. Asin [28, §12.3], we explicate Gan—Takeda [9, Thm 6.6]
(compare with [37, Prop 2.8 (i)]).

Lemma. Let m1,m C L?([PB*]) be cuspidal automorphic representations that are
not one-dimensional. Let Wy € 71, Wy € ma and ¢1,¢2 € S(BY). Let 7 € F*. Set
hi = (9¢-r (¢“ \Ifi) fOT 1= 1, 2.
(]) ]fﬂ'l 75 9, then <h17h2>SL2 = 0.
(2) Suppose w1 = 7w =: . Let S be a finite set of places of F that contains all
archimedean places, as well as any finite places at which B ramifies, and
that is sufficiently large in terms of W;, ¢;. Then (h1, ha)sr, equals

L(S)
(s) H vol(Ky) / (Ad(9)d1, ¢2) r2(Boy(T(9) V1, ¥2)ppx dg (4.28)
F ( pes QEPB§

with L) (r, %) as in §4.3.3.
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4.7.3. Induction to 2. We now combine the previous two lemmas and sum them
up. Temporarily denote by Ay the space of cusp forms ¥ : [PB*] — C that
are orthogonal to all one-dimensional representations. For 7,7 € F*, let m :
Q® QR A ® Ag — C denote the sesquilinear form given for ¢1, g2 € Q admitting
factorizations ¢;[y] = ¢.[y] ® ¢! [y] by

1
m(¢1, g2, U1, V) 1:/ |y|227 Z (01, 02)(h1, ho) d3'y, (4.29)
YEAX JFXAX2

T1,To€EFX JF X2

with 0;, h; as in (4.27). The relevance of m may be inferred from §4.6.5.

The definition makes sense: as in the proof of §4.6.5, the y-integral is really
a finite sum, and the sum over 7,7 has only finitely many nonzero summands.
Each summand defines a sesquilinear form on S(A) ® S(BY) ® Ap that extends
continuously to S(By) ® Ag by the a priori estimates of §4.5.3.

Lemma. Let 71,7 C L?([PB*]) be cuspidal automorphic representations that are
not one-dimensional. Let ¥y € w1, Wy € my. Let ¢1, o € .

(1) If m1 # w2 then m(¢1, 2, V1, ¥a) = 0.
(2) Suppose my = mo =: w. Let S be a large enough finite set of places. Then
m(¢1, d2, V1, Vo) equals

L(S)
e LT vl [ (Ad(@)801, Soadaln(o) ¥, Lo do.
gePBY

Proof. Tt suffices to consider the case that ¢, ¢o admit factorizations as in the
definition of m. By (4.13) and (4.18), we may assume that S¢; = ¢;, or equivalently,
that ¢;(t,x) = ¢}(t,—x). By the lemmas of §4.7.1 and §4.7.2, we have (01,02) =0
unless 71 = 72 and then (hj, ha) = 0 unless m; = m2; in that case, the formulas from
those lemmas and the identities

(D1 lyT]s @alyT]) L2a) (Ad(9) Y [y7], P [yT]) L2 (0

= (Ad(g)or[y7], da2[y7]) L2(8,)
and (see (4.1), (4.22))

/eA JFXA 2% Z <Ad(9)¢1[y7]7¢2[y7']>L2(BA) d;y (430)
YyEAX [FXAX2

TEFX [FX2

- / (W2 (Ad(g)r[u], dalt]) 125y Ay = (Ad(g)d1, ba)a
yEAX JAX2

combine to give the required conclusion. (I

5. Estimates for general quantum variance sums

In this section, we introduce general families of quantum variance sums, propose
a candidate for their leading asymptotics, and state a general “estimate” comparing
the two.
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5.1. Notation. Let F' be a number field with adele ring A. Fix a nontrivial unitary
character ¢ of A/F. Let B be a non-split quaternion algebra over F'. Fix a maximal
order R C B and a finite set S of places of F', containing all archimedean places as
well as any finite places at which B ramifies. Retain the (unsurprising) notation of
§4.1.

Since B is non-split, the quotient [PB*] = PB* \PBJ is compact, and so
L?([PB*]) is completely reducible. Let A’ denote the set of irreducible subrep-
resentations of the Hilbert space L?([PB*]). For each 7° € A°, let 7 < 7 denote
the subspace of smooth vectors. Set A := {r : 7 € A°}. Let A denote the algebraic
direct sum @ream, regarded as a pre-unitary representation of the group PBj.

We introduce the following additional notation:

e K =[] K,: a maximal compact subgroup of PBy. For p ¢ S, we assume
that K, < PB? is the image of Ry
e Ay < A: the orthogonal complement of the one-dimensional subrepresenta-
tions. (We had earlier, in §4.5 and §4.7.3, used the same symbol to denote
some larger spaces than what we call here Ay. This abuse of notation
should introduce no confusion.)
e Ag:={meA:nC Ay} ={m € A:dim(r) > 1}, so that Ag = Dreca,7.
o A% :={p € A: prg(k)p = foralk e K,p¢gS}HA5 = AyNA°: the
“unramified outside S” subspaces of A, Ag.
e AS :={m e A: 7N A% # {0}},A5 .= A5 N Ap: the subsets consisting of
those 7 that are unramified outside S.
e B(V), for V a K-invariant subspace of A: an orthonormal basis for the
closure of V' that consists of K-isotypic elements of V.
Fix Haar measures on PBZ and [PB*]; we do not require any compatibility between
them. Because B is non-split, each w € Ay is cuspidal. Let L(%)(,s), L(9) (ad 7, s)
be as in §4.3.3.

5.2. Key definitions. By (4.7), (4.8) and (4.10), the sums considered in the
definitions to follow converge absolutely.

5.2.1. The basic distributions. For m € AS, define w, : C°(PB%) ® A5 — C by
wo(f, ) = Z%B(mAS)@o, U - 7(f)p). The definition is independent of the choice
of orthonormal basis.

Ezample. If w(f) = 0, then w,(f, ¥) = 0. If n(f) is the orthogonal projector onto
a one-dimensional subspace Cy of 7 with unit basis vector ¢, then w,(f, V) =

(@, U).

5.2.2. Quantum variance sums. For f € C°(PBY), define the sesquilinear form
Vit A5 @ A§ — C by

Vi(U1,Wp) = > L (adm, Dwx(f, U1 )wn(f, Ua).

TEAF

5.2.3. Proposed limiting variance. For f € C2°(PBY), define the sesquilinear form
My A5 @ A — C by requiring for ¥y € 7 € A5, ¥y € m € A5 that
M (¥, ¥y) := 0 unless m; = o =: 7, in which case

My, 02) = sl ) [ (Ad(G)85.81) s oz (m(0) 01, D)o dg
gePBY
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where
cs == ¢ (2) vol([PBX]) L. (5.1)
The integral converges absolutely (see §3.1.6, §3.4.4).

5.2.4. Thickening PB™ inside B. Fix, once and for all, a nonzero element Wg €
C(FZ). For 7 € F*, define the linear map Q7 : C>°(PBZ) — S(Bs) by

~ Ws(rnr(z))

VT f(x) = Lpx(x)f(pr(z)),

|7nr(z)|s ~Bs
where pr : B — PBJ denotes the natural projection.

5.3. Statement of main result. The statement involves the metaplectic group
(§4.4.1) and the Weil representation (§4.4.3). For s € Mp,(Fs), we abbreviate
pT(s) = p¢WTe’i{3 (s) and pf(s) := pwe’fo(s); these operators act respectively on S(Bg)
and S(BY). The operators 1® p{i (s) on S(Bg) are defined using the decomposition
Bg = Fs & Bg, as in §3.2.4.

Theorem 4. There is a finite subset X of F* and a finite collection (€, 7y )r reXx
of sesquilinear forms e, -, : S(Bs) ® S(Bs) ® A§ ® A5 — C, depending only upon
F, ¢, S and Wg, with the following properties:

1) Relevance. For f € C>®°(PBY), one has the following identity of sesquilin-
c S
ear forms on Aj :

Vf:M.f+ Z ETl,Tz(Q?Tlfv@Tzfa'a')' (52)
T1,T2€X

(2) Oy(F)-invariance.

ET1,7‘2 (6¢17 ¢27 ‘1/17 \1]2) = 6‘7'1,7'2 (Qsla ¢25 \Illy \1’2)7

Erym (01, G2, W1, Vo) = &7, 1, (d1, P2, W1, V).
(3) SO(B2)-invariance. For g1, g2 € PBY,

Er,mo (Ad(g1) 81, Ad(92) b2, Preg(91) V1, Preg(92) V2)
=&r,7m (d)la ¢27 \Ijla \112)
(4) Metaplectic invariance. For s € Mp,(Fys),
Eri,ma (7 (8)01, p7(8)d2, W1, Vo) = &7y 7, (d1, P2, U1, V).

(5) Main estimate. For s € Mp,(Fg),

Er1,m (1 ® pg'(5)) 91, (1 @ pg’ (8)) 2, W1, ¥s)
< E(s) H Ca) %]l 1,

i=1,2
where E denotes the Harish—-Chandra function (§4.1.4) and C(¢;) denotes
a quantity that varies continuously with ¢; (see §4.5.1). The implied con-
stants and the uniformity in the continuity of C(.) depend at most upon
Foap, S, Wg.
(6) Construction. e, ., factors explicitly through the theta correspondence
in the sense of §5.4.9.

The proof of Theorem 4 occupies §5.4.
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Remark 1. In applications of Theorem 4, the crucial assertions are the relevance
and the main estimate. The SO(B%)—invariance may be employed to obtain quan-
titatively stronger estimates, the O (F')-invariance and metaplectic invariance may
be computationally convenient (see [29]), and the construction may be useful for
further refinements and extensions.

Remark 2. The formulation of Theorem 4 is independent of the choice of measures
on PB§ and on [PB*].

Remark 3. Theorem 4 minus the “main estimate” is like a trace formula: Vy is a
sum over automorphic forms, My is the “identity” or “diagonal” contribution, and
the e, », are the “interesting” contributions which one often wishes to show are
small. One difference is that V; has a quadrilinear (rather than bilinear) dependence
upon the automorphic forms (.

Remark 4. Theorem 4 likely extends to the split case B = My (F') after incorpo-
rating contributions from the continuous spectrum into the definitions of §5.2 and
replacing ||¥; ||z with || ht* W,][,: for some fixed large enough A > 0.

5.4. Proof of Theorem 4.

5.4.1. Measures. With a view to applications, we have formulated Theorem 4 in a
measure-independent fashion. For the proof, it is convenient to take on [PB*] the
Tamagawa measure, so that

es = 5¢2) (5.3)

and to fix measures on PB;, PB;" and hence on PBg =[], 4 PB; asin §4.1.3.

5.4.2. The © operator: local. Suppose temporarily (for §5.4.2 only) that k is a
local field, 9 is a nontrivial unitary character of k, B is a quaternion algebra over
k, G := B*/k*, and W € C*(k™). Recall from §3.2.5 the definition of Q. We
define a linear map © : C°(G) — Q by

W (tnr(x))

OIe) = )

Ipx(x)f(z). (5-4)

(By abuse of notation, we write f(z) for the value taken by f at the image of z
under the natural projection B* — G.)
By inspecting the definitions, one has the identities of maps C°(G) — Q

60 =06, Ad(g)Q =VAd(g) (for g € G).
By inspecting the definitions, one has for y € k* b € B> that
pweit(a(y))Qf (nx(b) 71, 0) = [yl f (ynr(d) =", b) = W(y) £ (b)- (5.5)

By the formula (3.7) for ||.||q, one obtains

19flle = fllz2e) Wl L2k 2|~ da)- (5.6)
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5.4.3. The Q operator: global. We revert to the global setting of §5. Let 7 € AS.

Recall from §4.6.1 the definition of Q. We define a linear map O : C°(PBg) — Q

by

Ws(tsnr(xzg))
|tsnr(zg)

Of(t,x) = Ly (25) 1 (@s) [T vol(Ky) " 60(t, ).

p¢s
where ¢g € Q, is defined with respect to R, (see §3.2.6). This definition and that
of §5.2.4 are obviously similar; we record their precise relationship below in §5.4.9.

By (5.5) and the lemma of §3.4.1, one has for y € A*, b € B that

[y (ynr(b) ™, b) = W (ys) f(bs) [ ] Ty, (bp), (5.7)
PES
with Ty, as in §3.4.1. By combining (5.6) with Lemma 1 of §3.2.6, one obtains
VOl Rp
19118 = 1 e, |, WP )] H e (53)

Lemma. Let m € A5. Let Wy, ¥y € 7 be HWS Kp—invariant vectors. For f €
C(PBY), the quantity m(Qf, QO f, W1, Uy) (see §4.7.3) equals

c2 L) (m, 5) / (AL S) oz ((9) V1. V)i d,
ge

where

o 1 vol(Ry) 5 Ay
= g | /F W) T (5.9)

Proof. By the lemma of §4.7.3, the polarization of (5.8) and the commutativity
O Ad(g) = Ad(g)9, the required identity holds if we replace S with some possibly
larger finite set of places S’ O S. To deduce the identity as written, we apply (3.14)
(using (4.5) to verify its hypotheses). O

5.4.4. A specific Eichler/Jacquet-Langlands lift. For 7 € A§, let ®, € 7y, de-
note the element of the Jacquet-Langlands lift of 7 having the Fourier expansion
Qr(n(w)aly)) = > cpx Y(T72)Wr(Ty), where the Whittaker function Wy : A* — C

is given by Wr(y) := Ws(ys) [1,¢s W2 (yp) (see §4.2.1, §4.2.2).
Lemma. One has || ®,]|? = ¢; L) (ad 7, 1), where

2 —1/2 / 2, \ dy
= —— A Ws|*(y) —- (5.10)
@ s ") Jvers vl

If m, 7' € A are distinct, then (®,, &) = 0.

Proof. The conclusion in the case m # 7’ is the multiplicity one theorem for PB*
combined with the injectivity of 7 — mjr,. The formula (5.10) is a consequence of
the lemma of §4.2.2 and the corresponding local calculation (§3.3). (]

5.4.5. The normalizing scalar. Recall from (5.10), (5.9) and (5.3) the scalars
c1,Co,c3. By the local volume formulas of §3.1.3,

citer = c3. (5.11)
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5.4.6. Application of the pretrace formula. Recall the theta functions ©(¢, ¥) at-
tached in §4.6 to each ¢ € O, ¥ € Ag. Let f € C°(PBY), ¥ € A5.

Lemma 1. ZWGAS |lwr (f, )| Pl Lo (PGLo)) < 00 for p =2, 00.

Proof. By (4.7) and (4.8), it suffices to show that |® || s (pcr,)) < C(m)%M. The
case p = 2 follows from the lemma of §5.4.4 and (4.10). The case p = reduces
to the case p = 2 by axioms (S2a) and (S3b) of [25, §2.4], wherein the quantities
S4(®,) may be estimated using [25, §3.2.5]. A direct proof of this convergence also
follows by a rearrangement of the arguments given below. O

Lemma 2. O(Vf,¥) = ZweA§ we(f, U)P.

Proof. Set ®; := O(Vf,¥) and &y := ZweAg“ wa(f, U)®r; we must show that
®; = ®y. Since ¢, Py are cuspidal, it will suffice to demonstrate the equality of
their Whittaker functions Wy, Wy : A* — C as defined in §4.2.1. By the lemma of
§4.6.3 and (5.7), we have

Wily) = Y / U(9)Ws(ys)f (g5 v9s) [T Tv, (95 "v90) dg-
~EPBX g€[PBX] pés

The definition of @, implies (using Lemma 1 to justify the interchange of summation
with the Fourier integral over the compact group A/F) that

Waly) = > welf, ©)Ws(ys) [[ W, wp)-
TEAF p¢s

Since ¥ € A5, we have w,(f, V) = 0 for all 7 € A% with 7 ¢ A§, so it suffices to
establish for all y € AX, g € PB; the pointwise identity

> flastes) [T T (e = D > Blar(Hele) [T W, ),

YEPBX pé¢sS TEAS peB(TNAS) p¢sS
which follows from the pretrace formula (§4.3.2) and the identity W7 (y,) =
Ar, (Ty,) (see (3.13)). O

Remark. Lemma 2 and its proof are in the spirit of arguments of Shimizu [40, §4],
but we were unable to relate them precisely (e.g., by deducing one from the other).

5.4.7. Some sesquilinear forms. Define V, M, € : Q0Q® 49249 — C by requiring
that for ¢1, ¢2 € Q satisfying ¢;[y] = ¢ily] @ ¢7[y] with ¢;[y] € S(A) and ¢}[y] €
S(BY) for all y € AX, one has with the abbreviations 60; := 60, (¢i[riy]) and
hi := Oy (¢ [Tiy], ¥s) that

1
V(61,6001 02) = i [ WPy Y (BuhiGh)diy,

YEAX I AX2 1,2 €F X [FX2

_ 1
M($1, 62,01, W3) 1= ¢ 1/ WP Do (0n.02)(h ha) Sy
YEAX [ FXAXE T1,To€EFX JF X2
and &£ : =V — M, or equivalently,

1
Eroa)i=ei [ Wog Y Enmlilnyl dalral ) 5y,
Yy

EAX JFXAX2 T raEFX JFX2
(5.12)
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where &, -, : S(Ba) @ S(Ba) @ Ay ® Ag — C is as in §4.5.6. The definitions makes
sense for the same reasons as in §4.7.3. The identity

V(p1, d2, U1, Vs) = ¢ (O(¢1, U1), O(p2, V). (5.13)
follows from §4.6.5 when ¢ is a pure tensor, hence in general by linearity.
5.4.8. The main identities.
Proposition 2. Let f € C2(PBY%) and ¥y, V5 € AS. Then

V(Of, Qf W1, Wa) = Vi (Vy, ¥s), (5.14)
M(Qfa Q?f:\I’lv\IJZ) :Mf(lpla\PQ)7 (515)
V(W1 Ws) = Mp(U1, Ug) + EQF, OF, Wy, ). (5.16)

Proof. (5.14): By (5.13), Lemma 2 of §5.4.6, and the lemma of §5.4.4,
V(@fv QQf7 \1117 \112) = cl_l<®(®f7 \Ill)a @(Q?fv \112)>
20171 Z (W, (s 1), wry (f, U2))

71'1;”26145

= Z L (ad 7, Dwx(f, 1), wr (f, ¥2)

TEAS

=Vi(Vq, ¥y).

(5.15): by the lemma of §5.4.3 and (5.11).
(5.16): by (5.14), (5.15) and the definition of €. O

5.4.9. Completion of the proof. We now apply Proposition 1 (see §4.5.6) and
Proposition 2 to prove Theorem 4. The purpose of this final, purely technical
part of the argument is to recast the content of those propositions in terms of
S(Bg) rather than the less “user-friendly” space €.

By weak approximation, we may choose a compact fundamental domain Y C
AX/A*? for AX /F*A*? with the property that y, = 1 forally € Y and p € S.
Choose a finite set X C F'* of representatives for the finite set

{r € F*/F*?: there exists y € Y so that y,7 € FpX2(9PX for all p ¢ S}. (5.17)

For y € Y,7 € X, let 7Y : S(Bg) — S(Ba) denote the map ¢V P = & ®
(®p¢5¢g [Typ]), where gbg € 2, denotes as usual the distinguished element. For
[ € C(PBY), one then has $VQO7f = Of[ry]. Observe that for p ¢ S and
t € F,*, one has ¢9[t] = 0 unless t € F;?O;°. It follows that for 7 € F* and y € Y,
one has O f[ry] = 0 unless 7 belongs to the set (5.17), hence that

et .
5(@f7©f7a) = ?/ |y|2 Z ngxTz(OTlJQTlfa<>T2y©7—2f’"')d;y' (5'18)
yey T1,T2€X
Define ¢, , : S(Bs) ® S(Bs) ® Aj ® A5 — C by
-1

C

Ery,m2 ((1)17 Dy, Wy, ‘112) = |y|257'1,7'2 (Qﬁyq)h <>7'2yq)2’ v, \112) d;y' (5'19)

1
22 Jyey
We verify the assertions made in Theorem 4:

(1) The “relevance” follows from (5.18), (5.19) and Proposition 2.
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(2) Since &gy = ¢y, one has GOV = (TS, For g € PBy and s € Mp,(Fs),
one has Ad(g)0™Y = $™Y Ad(g) and pi(s)O™Y = $TYpTi(s). Thus the
“O1 (F)-invariance,” “SO(B)-invariance” and “metaplectic invariance” fol-
low from §4.5.7.

(3) The “main estimate” is the content of Proposition 1.

5.5. Classicalization. We now specialize to the setting of Theorem 1 and record
how Theorem 4 specializes to Theorem 3.

5.5.1. Specialization to a single place. We specialize the definitions of §5.2 to the
case that ramification is concentrated at a single place g of F, finite or infinite.
This is the case required for the proof of Theorem 1 as well as its non-archimedean
analogue pursued in [29].
Assume that S is the set of places p for which either

e p is infinite,

e p is a finite place at which B ramifies, or

e p=yq.
Assume that for each p € S — {q}, the completion B, is non-split, or equivalently,
that PBF,X is compact. There are the following possibilities:

(1) q is real, in which case F is totally real and B ramifies at every infinite
place other than g.
(2) qis complex, in which case F is real and B ramifies at every infinite place
other than g.
(3) q is finite, in which case F is totally real and B is totally definite.
For each place p, define the compact open subgroup J, < PB; as in §3.4 by
taking for J, the image of Ry if p is finite and taking .J, := PB,’ if p is infinite. Set
J = Hp;éq Jp. In addition to the notation of §5.1, we now introduce a superscripted
J, as in A7, A7, 7/ to denote the J-fixed subspace. We denote by A] C A7,
Al + C A{ the “even” subspaces consisting of ¢ that are PBpX—invariant for all
p € S —{q}. Thus, for instance, A0J+ C AJ € A5 € Ay € A. We denote by
Ao, AT AT, Ai, AOJ+ the set of all 7 € A having nonzero intersection with the space
having the corresponding scripted notation.
Set G := PB, and let feCX(G). ForpeS—{q},set ey, :==vol(Jy) 11, €
C>(PB,). Define f € C*(PBg) by the formula

flo)="7fa) [ ez (o)
peS—{a}

For 7 € Aj and U € AJ, set w.(f,¥) = > peBnar)(e ¥ - m(f)p). Then
wr(f,¥) = we(f,¥) (see §5.2.1 for the definition of the left hand side). Since
dim(7p,) = 1 for all p € S — {q}, one has for ¥ € 7’ € AJ that w.(f,¥) = 0 unless
e Af,.

Let Vy, My : A7, ® AJ, — C denote the sesquilinear forms obtained by restrict-
ing the forms Vi, M : AS ® A — C. Then

Vi(,02) = Y L9 (adm, Dwe(f, U1)wa(f, Ta). (5.20)

neA]
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By the observation that ey, = ey, for p € S — {q} and the local calculations
(3.15) and (3.16), we see that for U1 € m; € A, and ¥y € m € AJ,, we have
My (¥4, Uy) =0 unless m; = mo =: 7, in which case

My(Uq, W) = C4L(S)(7T»%)/ G<Ad(g)6fv6f>L2(G)<7T(g)\Illv\II2>PBX dg (5.21)
ge

where
cq = 2°¢\(2) vol([PBX]) L. (5.22)
with ¢ the number of finite primes p € S — {q}.

5.5.2. Strong approximation. Retaining the notation of §5.5.1, we record here how
the quotient [PB*]/J unadelizes under some assumptions. Recall that G := PBqX.
Let T' < G denote the image of PB* NJ under the inclusion PB* <+ G. Then T is
a discrete cocompact subgroup of G, and the natural map ¢ : T\G — [PB*]/J is
injective. We record a standard consequence of strong approximation.

Lemma. Suppose that F' has odd narrow class number and either that

(1) By is split, or that
(2) q is infinite and B has class number one.

Then ¢ is bijective.

5.5.3. Proof of Theorem 3. We assume now that q is archimedean, so that the
above setting recovers that of §1.5. We deduce Theorem 3 by specializing (parts
of) Theorem 4, following the unadelization procedure discussed above. For f €
C*(PBy ), we have

V(f) = Vi(¥1, Ua) = Vi(¥1, ¥2),
and similarly for M(f). Here V(f) is as defined in §1.8, while V; and Vj are as in
§5.5.1. We identify 7 € F* with its image in R* via the given archimedean place

q. Inspecting the definitions, we have Q7 f = (U7 f) ® ®7, where Q7 f € S(By) is
defined by Q7 f(g) := W(rnr(g))f(g9) and &7 = ®R,e5_{q; P} for some &7 € S(By)
not depending upon f. The required identity (1.13) then holds with &, ,,(¢) :=
€ (@@ P, pR O™, Wy, Uy).

To deduce the claimed error estimate (1.14), we specialize the main estimate
(1.14) of Theorem 4 to the case that s € Mp,(Fyg) lifts the diagonal element
diag(y,y~") of SLo(F,). Then pf(s) (§3.2.3) acts on S(Bg) via the factor S(By),
where it acts by a constant multiple of the dilation operator D, defined in §1.8.
The relevant estimates for Z(s) were recorded in §3.1.5.

Part 2. Application to microlocal lifts

Our aim is now to prove Theorem 1 by application of Theorem 3. We retain
the general notation of §1.5 (in particular, G = PGLy(R), I' < G is an arithmetic
subgroup, and Ay is the set of nontrivial irreducible representations = C L*(T'\G)
of both the group G and the Hecke operators T,,) and the asymptotic notation
and conventions of §1.10 (in particular, the conventions concerning “h-dependent
elements” and “fixed”).

The microlocal lift measures p, are defined (§6.5) using differential operators
(namely, raising and lowering operators), but our methods apply most naturally to
the distributions p(7w(f),-) attached in §1.8 to integral operators 7(f), f € C°(G).
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Our first main task is thus to give an alternative construction of the microlocal lift
measures using integral operators. One input here is the microlocal calculus for
Lie group representations developed in [35], whose specialization to PGLy(R) we
recall in §6.7. Having constructed microlocal lift measures in this way, we are in
good position to apply Theorem 3, and must then estimate the “main” and “error”
terms that arise. We refer back to §1.10 for a more detailed survey of Part 2.

6. Archimedean preliminaries

6.1. Lie algebra. Let g denote the Lie algebra of G. We denote by gc & sl3(C)
its complexification and by gf the complex dual. We will often identity gc with
the space of linear functions on g¢. We work with the following basis elements for

dc:
1 /1 4 1 /1 —3 1 /70 1
ek () v () e (),

These satisfy [X,Y] = —2W, [W,X] = X and [W,Y] = —Y. The map 0 — eV
defines an isomorphism from R/27Z to K!'. The complex conjugation on gc is
given by —X =Y and -W = W.

The center of the universal enveloping algebra of g¢ is the one variable polynomial
ring C[€?], where

XY +YX

— W2 _
Q=W >

=WW-1)-XY=WW+1)-YX.

The ring Sym(gc )€ of G-invariant polynomials on g¢ is generated by the polynomial
A := W? — XY . The Harish-Chandra isomorphism C[(] =N C[A] is given in this
case by Q— A —1/4.

We identify gf with gc via the trace pairing (z,&) — (,§) = trace(z§). We
identify the real and imaginary duals g* and ig* of g with the subspaces of g¢ taking
real and imaginary values on g, respectively. We abbreviate g” := ig*; it identifies
with the Pontryagin dual of g via the natural pairing g x g > (z,€) — {8 ¢ C(D),
We occasionally work with the coordinates and basis elements

. $1/2 i) . o
Gax-(ms _x1/2>_ S ey,

7=1,2,3
A (& &) "
g 95_1 <§2 _€1> _j;73§]6]7

so that the natural pairing is given by (z,£) — ¢?2273% . We note that the invariant
polynomial A is given in this optic by A(§) = det(£/i) = —£2 — £2&3.
The following elements, defined for ¢t € R, will occur frequently in our analysis:

£(4) ;:@'(t t) e g (6.1)

We note that X (£(t)) = Y(£(t)) =t, W(£(t)) = 0 and A(£(t)) = —t2. We note also
that the G-stabilizer of £(t) is the diagonal subgroup H.
We fix norms |.| on all of the above spaces.
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6.2. Coadjoint orbits. A coadjoint orbit O is a G-orbit on g”"; in particular, it
is a smooth manifold. The origin {0} is a zero-dimensional coadjoint orbit. The
other coadjoint orbits are two-dimensional and of the form

O() == {¢ € g — {0} with A() = \}

for some A € R. If A = 0, then O()) is the regular subset of the nilcone; if A > 0, it
is a two-sheeted hyperboloid; if A < 0, it is a one-sheeted hyperboloid. For ¢ # 0,
the orbit of £(t) is O(—t?).

We equip any two-dimensional coadjoint orbit O with its normalized symplectic
measure

amﬂsm»éa:lwuom@x

defined by the 2-form w on O described as follows (see, e.g., [35, §6] or [18] for
further details, and the calculations of §8.2 for some explicit formulas). For each
¢ € O, the tangent space T¢O identifies with the space of vectors {z - § : z € g},
where z- £ € g” is defined by differentiating the action of G on g”. The component
we of w at & is then given by we(x - &,y - &) := (&, [z, y])/2mi. For each a € C.(g"),
the function R 3 \ — fo()\) a is continuous and compactly-supported (see, e.g., [35,
§11.2]). The rescaling h O is also a coadjoint orbit, and we have fgeho a(§) dw(€) =
hfgeo a(h&) dw(€). We record a simple estimate:

Lemma. Let 7 € g™ with || < 1, and let 0 < r < 1. For any two-dimensional
coadjoint orbit O, the symplectic volume of the subset {£ € O : | —7| <r} of O is
O(r?).

Proof. Each 7 € g — {0} is regular, i.e., the differential of the invariant polynomial
A is nonzero at 7. On a small neighborhood of each such 7, we may thus find local
coordinates (71, 72, A) with respect to which the coadjoint orbits are the fibers of the
projection onto the third coordinate, with the symplectic measures given by smooth
multiples of Lebesgue measure in the first two coordinates. The required estimate
follows for 7 in a small fixed neighborhood of each fixed element of g — {0}, then
in general by continuity and compactness. O

6.3. Representations. Let 7 be an irreducible unitary representation of G. Then
Q acts on the smooth subspace of 7 by some real scalar .. We set A, := 1/44Q,,
and refer to it as the infinitesimal character of w. Up to isomorphism, we may
classify 7 as follows:

e The one-dimensional representations (the trivial representation C and the
sign representation C(sgnodet)), for which Q. =0 and A\, = 1/4.

e The discrete series representations 7(k) (k € Z>1), for which Q, = k(k—1)
and A, = (k — 1/2)%. (We note that (k) is often denoted Day.)

e The unitary principal series representations 7(t,e), with

(i) te Rand e € {£1} or

(i) t €i(—1/2,1/2) — {0} and € = 1 (the “complementary series”),
obtained by normalized parabolic induction of the character diag(y,1) —
sgn(y)¢|y|*, for which Q, = —1/4 — % and \, = —t2.

~

The only equivalences are that n(t,e) & w(—t,e). The tempered irreducibles are
the m(k) and 7 (¢,¢) with ¢ € R.
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Suppose that 7 is not one-dimensional. We may then realize it as follows. If
m = 7w(t,e), set Q :=Z; if m =7w(k), set Q :={q€Z:|q >k} and e =1
We regard L?(Q) as a Hilbert space with respect to the counting measure, with
basis elements given by the J-masses e, at each ¢ € (. It contains the dense
subspace C.(Q) consisting of the finitely-supported elements. We verify readily that
the following formulas define an infinitesimally unitary (g, K)-module structure on
C.(Q), corresponding to a representative for the isomorphism class of 7

Xeg=(q(qg+1) - Qw)1/26q+17
Yeg = (qlg+1) — Q) %e,,

WWe, =ee,, diag(—1,1)e, = (—1)e_,.

9]

Weq = qeq,

6.4. Kirillov formula. The character of an irreducible representation = of G is a
generalized function x, : G — C (see, e.g., [19, §X]). Fix a sufficiently small open
neighborhood G of the origin in g. The normalized Jacobian of the exponential map
is the function jac : G — R<( for which
e jac(0) =1, and
e if dg is any Haar measure on G, then there is a unique Haar measure dx
on g so that for g = exp(x) with « € G, we have dg = jac(z)dx. We say in
this case that dg and dz are compatibly normalized.

Lemma. Let m be a tempered irreducible unitary representation of G. Set O =
O(Az). For x € G, we have the identily of generalized functions

Xeexpla)) =jac(e) 2 [ e duge),
£cO0x
See, e.g., [35, §6] and references. This says concretely that for each ¢ € C°(G)

and Haar measure dx on g, the operator fx@g ¢(z)m(exp(x)) dz on 7 belongs to the

trace class and has trace [.co ([,eq o(z) jac(z) =1/ 2e(®€) dx) dw(€).

6.5. Construction of p,. Let 7 € Ag with A, < 0. Then 7 = 7(t,e) with
t = +/—Ar > 0. Recall that we have chosen a unit vector ¢, € 7 invariant by K L
The microlocal lift p, of 7 is defined on K-finite smooth functions ¥ : T\G — C
as follows. Set ¢ := ¢, and s := 1/2 4 it. Define ¢, for ¢ € Z recursively by the
formulas iX ¢, = (s + q)@q+1 and iY@, = (s — ¢)pg—1. Then

pa(¥) =D (@0, pg)-

qEZ
6.6. Branching coefficients. Let 7,0 € Ay.

Lemma 1. If o is not even, then {(p1V,p3) = 0 for all 1,02 € T and ¥ € o. In
particular, p.(¥) = 0.

We give the proof below after some otherwise relevant preliminaries.

Assume temporarily that for each p € S, the involutory Hecke operator T}, acts
trivially (i.e., with eigenvalue +1 rather than —1) on . The triple product formula
[13] then implies that for eigenfunctions @1, 9 € m and ¥ € o,

(1T, 2)|? = L(r,0) / oo o)zl (g9, ¥) dy (6.2)
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where L(7,0) is nonnegative real given explicitly in terms of special values of L-
functions; in particular,

Lr®T®o,3)
L(adm,1)2L(ad 0,1)’

where L(---) denotes the finite part of an L-function.

L(m, o) = (6.3)

Proof of Lemma 1. Since the distributions p, are invariant by the involutory Hecke
operators T}, (p € S), the conclusion is clear if some such operator acts nontrivially
on o, so suppose otherwise that each such operator acts trivially. The global root
number of ¢ is then the same as the local root number at the distinguished real
place ¢, which, by hypothesis, is —1. Therefore L(o, %) = 0. Since L(m®T®0, %) =
L(adm ® 0, 3)L(0, 1), we have also £(m,0) = 0. The conclusion follows now from
(6.2). O

Lemma 2. Let 0 € Ag be fized and even. Let w be an h-dependent element of Ag
with Ay < 0 and |h? \;| < 1
(i) Let ¥ € o be a fized eigenfunction. Then

l1-() > < hL(m,0). (6.4)
(i) There is a fized eigenfunction ¥ € o so that
lr (U) 2 > h L(7, 0). (6.5)
(iii) We have
hL(m o) < 1. (6.6)

Proof. We may assume that U is a K '-eigenvector. There are two cases:

e o is a principal series representation 7 (¢, ). Our assumption that o is even
then implies that ¢ = 1.

e o is a discrete series representation (k).
Explicit formulas for the matrix coefficient integral of (6.2) in terms of I'-factors
follow from work of Watson [47] and Ichino [13] in the first case and from work of
Woodbury [39, Appendix] in the second case. Applying Stirling’s asymptotics to
these formulas gives the upper bound (6.4). For the lower bound (6.5), we choose
U to be a K!-eigenvector of smallest nonnegative weight and appeal again to the
explicit formulas. The final estimate (6.6) follows from (6.5) and the trivial bound
wr(U) < 1. O

Remark. Since we require here estimates rather than explicit formulas, we sketch
an alternative proof of Lemma 2. Using (6.2), we may write |u,(¥)?> =
L(7,0)|uloc(¥)|?, say. One can show by arguments as in §8.2 and [30, §6.3] that the
leading order asymptotics as h — 0 of |ul°¢(¥)|? are given by a constant multiple
of h [\ (s¥,W)ds. As in [25, §3.3.1], we may write [ _, (s¥, W)ds = [((T)]?,
where ¢ is described in the Kirillov model ¥ — Wy of o (with respect to some fixed

nontrivial character) by the absolutely convergent integral £(¥) = fy crx Ww (y)ﬁ/—?’l

Thus |p°¢(¥)[? < h; moreover, if £(¥) # 0, then we can replace “<” with “x<”.

6.7. Operator calculus. In this subsection, we recall some properties of the op-
erator calculus developed in [35] (and refined in [34, 32], but we do not require the
refinements). We denote by 7 an h-dependent unitary representation of G and by
7° its subspace of smooth vectors.
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6.7.1. The basic operator assignment. We fix once and for all a cutoff x € C>°(g)
with the following properties:

e The support of x is sufficiently small.

e x is [0, 1]-valued, x(—x) = x(x), and x = 1 in a neighborhood of the origin.
For any h-dependent Schwartz function a € S(g"), we may define the following
objects (see [35, §2] for details):

e aV: g — C, the inverse Fourier transform of a.

e ap : g" — C the h-dependent function given by rescaling: ay(§) := a(h§).

e o) : g — C, the inverse Fourier transform of the rescaling, thus a)/(z) =
h~?aY(z/h).

e xa)y € C>(g), the cutoff of ).

e The compactly-supported smooth distribution x(z)ay (z) dz on g, which is
supported near the origin.

e The pushforward under the exponential map = — g = exp(z) of this distri-
bution, which may be written Opy, (a)(g) dg for some Opy,(a) € C*(G) sup-
ported near the identity; explicitly, Gf)h(a)(exp(m)) = jac ! (z)x(z)a) (2).

e An h-dependent integral operator Opy(a : 7) on 7°°, abbreviated Opy,(a)
when 7 is clear by context, given by

Opy(a: 7) := w(Opy () =/ X(z)ay, ()7 (exp(z)) da.

TEY

6.7.2. Adjoints. The operator Opy,(a) extends to a bounded operator on 7 with
adjoint Opy,(@). In particular, if a is real-valued, then Opy(a) is self-adjoint and
Op,,(a)? is positive-definite.

6.7.3. Symbol classes. For £ belonging to any normed space (e.g., g”), we set
(€)= (1+ g2

For fixed 0 < § < 1/2 and m € Z, we write S§* (denoted “S™[h°]” in [35, §4]) for
the space of h-dependent functions a : g¢* — C such that for each fixed multi-index
a € Z(;igl (g), the corresponding partial derivative 0%a enjoys for each £ € g” the

upper bound
0%a(€) < b0l gmlel.

(The implied constant is thus allowed to depend upon «, but not upon h or £.) We
extend the definition to m = oo or m = —oo by taking unions or intersections. For
instance, an h-independent Schwartz function defines an element of S5 °°, while a
polynomial of fixed degree m € Zx( and coefficients O(1) defines an element of S}".
Elements of S5 > are in particular h-dependent Schwartz functions on g”, so the
operators Opy,(a) := Opy,(a : m) may be defined as above.

6.7.4. Smoothing operators. For Lie algebra elements x4, ..., x,,, we write 1 - - - T,
for their product in the universal enveloping algebra and abbreviate m(z1 -+ - @y, ) :=
dm(x1) - dm(2y,). We denote by U~ := ¥~>°(7) the space of h-dependent opera-
tors T on w°° with the property that for any fixed collection x1, ..., Tm,Y1,---,Yn €
g, the operator norm of 7(xy - - @, )T (y1 - - - yn) is O(1). This is easily seen to be
equivalent to the definition of [35, §3]. It is verified in [35, §12.3] (see part (iii) of
Theorem 9) that if 7 is irreducible, then

T € U~ = the trace norm of T is O(1). (6.7)
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Given an h-dependent scalar ¢ and vector space V consisting of h-dependent
quantities, we denote by ¢V the vector space of h-dependent quantities of the form
cv, with v € V. We write h® V for the intersection of h” V' taken over all fixed
n € R. In particular, we may define h® ¥~°°; we will regard it as the space of
“negligible” operators on 7°.

6.7.5. Composition. For ¢1,ds € C°(g) supported near the origin, let ¢ * ¢g €
C2°(g) denote the function for which the distribution (¢1*¢2)(z) dz on g is the pull-
back of the convolution on G of the images under pushforward of the distributions
¢1(x) dx and ¢o(z) dx on g. For a,b € S;°°, it is verified in [35, §2.5, §4.6] that the
(rescaled) star product a*yb, characterized by the identity (ax,b)n = (xay *xb)",
defines an element of S5 °° that enjoys the composition formula

Opy,(a) Opy,(b) = Opy(a*p b) (mod h*> ¥~). (6.8)
The failure of (6.8) to be an equality is an artefact of the cutoff x.

6.7.6. Equivariance. It follows from [35, §5.5] that for g € G belonging to a fixed
compact subset,

Opy(g-a) = m(g) Opp(a)m(g)™"  (mod h>® W), (6.9)

where g - a(§) == a(g~! - £). The error comes from the failure of the cutoff x to be
exactly G-invariant. It will be convenient to assume that y is exactly K-invariant
(by averaging a given cutoff, for instance). We then have

Opy,(g - a) = 7(g) Opy(a)m(g) ™" for all g € K. (6.10)
More precisely, (’)vph(g - a) is the conjugate by g of (Sf)h(a).

6.7.7. Star product extension and asymptotics. It is shown in [35, §4.6] that the
star product extends to a compatible family of maps %y, : SI* x SF — S7**™ enjoying
the asymptotic expansion: for fixed J € Zxy,

axnb= Y hax'b (mod h!'727 gptn=r), (6.11)
0<i<J

with 7 a fixed polynomial-coefficient differential operator, of order j in each vari-
able, homogeneous of degree j, satisfying the mapping property %/ : S§* x S§ —
h—2% Sy and given in the simplest case by a+" b = ab.

6.7.8. Extended operator assignment. It is shown in [35, §5.6] that Op,, extends to
a compatible family of maps

Opy, : 55" — {h-dependent operators on 7>}

for which the composition and equivariance properties (6.8), (6.9) and thus (6.10)
remain valid.

6.7.9. Polynomial symbols. It is verified in [35, §5.2] that if p € SJ" is an h-
dependent polynomial function (corresponding to some h-dependent element of
SYHKQC))athen

Opy(p) = m(sym(pn)), (6.12)
where sym denotes the symmetrization map from Sym(gc) to the the universal
enveloping algebra of g and (as above) pn(§) = p(h ).
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6.7.10. Trace estimates. It is shown in [35, §12.3] that if 7 is irreducible and tem-
pered (so that the coadjoint orbit O, as well as its rescaling h O, may be defined),
then for a € S5 2 the operator hOp,(a) is trace-class, with trace asymptotics
described for each fixed J € Zx¢ by

trace(h Opy,(a)) = Z h’ Dja + O(h1=97), (6.13)
0<j<g  UhO=x
where D; is a fixed constant coefficient differential operators of pure degree j, with

Doa = a. In particular,
trace(h Opy (a)) < 1. (6.14)

6.7.11. Clean-up. It follows from [35, §10.3] that if 7 is irreducible (so that its
infinitesimal character A\, € R may be defined) and a € S§° has the property that
the image under the invariant polynomial A : g — R (see §6.1) of the support of
a is separated by at least h'/27¢ from h% A, for some fixed ¢ > 0, then

Opy(a) € (Ag) 7 h>® =

where as usual (\;) := (1 + |\;|?)"/2. In particular, the trace norm of Opy,(a) is
O({Ar)~°h™).

(We note a potential point of notational confusion: the rescaled infinitesimal
character that we denote here by h® \; € R is written “h A, € [g"] = R” in [35];
see [35, §9] for details.)

7. Microlocal lifts

7.1. Characterizing microlocal lifts via their symmetry. Theorem 3 applies
to the distributions ¥ — pu(7(f), ¥) attached to integral operators 7(f) with f €
C (@), but the construction of the microlocal lift u, recorded in §6.5 is in terms
of differential operators. We thus encounter the problem of constructing p,, or at
least some asymptotically equivalent distributions, using integral operators.

We begin with some motivational remarks. Recall the asymptotic notation and
terminology set in §1.8. Let m be an h-dependent element of Ay with A; < 0 and
|h% ;| =< 1. Set v := € gez:|ql<h-1/2 Pq € T, where ¢ > 0 is chosen so that v is a
unit vector, and T := v ® T € 7 ® 7. It follows from calculations of Wolpert [50,
85] (see [20, §3] for a concise account) that for fixed eigenfunctions W,

(T, W) = (v, 0) = (V) + O(h'?). (7.1)

Set ¢t := v/—h2Q; = vV—h%A; + O(h) =< 1. We verify readily that w(h X)v =
tv + O(hY?), 7(hY)v = tv + O(h'/?) and (b W)v = O(h/?); equivalently, for
fixed Z € g, we have w(h Z)v = Z(£(t))v + O(hY/?), with £(t) € g" as in (6.1);
in other words, v is an approximate eigenvector under the first-order differential
operators on 7> defined by Lie algebra elements, with eigenvalue described by £(¢).
We will verify below that some variants of these observations concerning v, phrased
in terms of T', give sufficient conditions for (more precise forms of) the estimate
(7.1) to hold. Turning to details:

Definition. Let m be an h-dependent irreducible unitary representation of G. Let T
be an h-dependent positive-definite trace class operator on 7 such that trace(T) <
1. Let 7 be an h-dependent element of g with |h7| < 1. Let 0 < § < 1/2 be fixed.
We say that T is d-localized at 7 if for each fixed n € Z>( and each h-dependent
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polynomial function p : g& — C of degree O(1) and coefficients O(1) that vanishes
to order at least n at h7, we have

trace(Op, (p)T) < h™, (7.2)
where Opy, (p) := Op,,(p : 7) is as given by (6.12).

One can verify that the T' considered above is 1/2-localized at £(t); we will not
need this fact, so we omit the proof.
We may construct integral operators satisfying the above definition:

Lemma 1 (Integral operators attached to localized symbols are localized). Let 0 <
6 < 1/2 be fized. Let 7 € g with |h7| < 1. Let a € h™° S5 % be real-valued.
Let m be an h-dependent tempered irreducible unitary representation of G. Set
T :=hOpy(a: )2

Suppose that every element of supp(a) Nh Oy is of the form ht + O(hé). Then
T is §-localized at T, and

trace(T) = /ho a? 4+ 0(h'™% = 0(1). (7.3)

Proof. We have a?(£) < h™2. By the lemma of §6.2 and the hypotheses concerning
|h7| and the support of a, the set h O, Nsupp(a) has symplectic volume O(h%).
The required trace estimate (7.3) thus follows from §6.7.10. In particular, the
operator T is positive-definite with trace(T) < 1.

To verify the localization property, fix n € Z>( and let p, as above, be an h-
dependent polynomial of degree O(1) and coefficients O(1) that vanishes to order
>n at h7. We must check then that trace(Opy, (p)T) < h™.

We pause to observe that for each ¢ € S§° and each fixed J € Zx,

trace(Opy, (¢)T) = Z hJt 72 / qg*'* (a7 a) + O(h‘]/), (7.4)
0<j1.J2<J s
where J' is fixed and J' — oo as J — oo. This estimate follows from the com-
position formula (6.8), the star product asymptotics (6.11) and the trace estimate
(6.13), using (6.7) and (6.14) to clean up the remainders. Since h O, Nsupp(a) has
symplectic volume O(h*?), we have also for fixed ji, j» > 0 that

/ g+ (a *J2 a) K h?° lg %I (a *J2 a/)HLoo(hOﬂ_).
hOr

Returning to the proof of the lemma, choose a ball By with origin h 7 and radius
= h° so that supp(a) "h O, C B;. Let By denote the ball with the same origin as
B; but twice the radius. Choose ¢ € S5 °° taking the value 1 on B; and the value
0 on the complement of By. We may then decompose p = ¢p + (1 — ¢)p. We apply
the above estimates with ¢ = ¢p and ¢ = (1 — ¢)p:

e Our assumptions on p imply that ¢p € h™ S5 °°. By (7.4) and the mapping
properties of %/, the symbol h?' 92 gp «i1 (a2 a) belongs to p204nd Sy
and thus has L®-norm O(h~2°*"%). It follows that trace(Opy,(¢p)T) =
O(m™ +n’").

e By construction, h O, Nsupp(1 — ¢) Nsupp(a) = 0, so (1 — @)px'* (ax'2 a)
vanishes identically on h O, and thus trace(Op, ((1 — ¢)pT) = O(h‘]/).

We conclude by combining these estimates and taking J large enough. (]
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We verify next the promised relationship between the above definition and pi .

Lemma 2 (Some localized operators define microlocal lifts). Fiz a mean-zero even
eigenfunction ¥ € o € Ag. Let m be an h-dependent element of Ay such that A, <0
and |h? \;| < 1. Abbreviate £ := L(m,0). Let T be an h-dependent positive-definite
trace class operator on m with trace(T) < 1. Set 7 := &(v/—r) € g", so that
|h7|=<1. Fiz0<6<1/2.

Suppose that T is §-localized at 7. Then

w(T, @) = trace(T) i (¥) + O(h° Vh L + ™). (7.5)
The proof is given in §7.2.

Remark 1. The estimate (7.5) implies in particular that u(7T, ¥) = trace(T) . (V) +
O(h5)7 but this weaker estimate is inadequate for our applications, in which we
exploit crucially that £ is “bounded on average” (see §8.1).

Remark 2. Although Lemma 2 is formulated in terms of L-values, it does not
fundamentally exploit the arithmeticity of T'\G. What matters are the properties
of £ enunciated in §6.6, which make sense for general finite volume quotients (see
[35, §1.4], [2]).

Remark 3. Lemma 2 may be used to give a proof of the asymptotic H-invariance
of the measures p,, roughly in the spirit of [35, §26.5]; the relevant observations
are that

e if T is d-localized at 7 and g € G is fixed, then w(g)T7(g)~" is §-localized
at g -7, and
e H centralizes the elements £(¢).

7.2. Calculations with raising and lowering operators. Here we record the
proof of Lemma 2 of §7.1. The proof is a bit tedious, but not difficult, and unrelated
to the main novelties of this work. It is basically a quantification of the arguments
used to prove (7.1). (Indeed, it is instructive to note that (7.5) recovers (7.1).) For
these reasons, the reader might wish to skim or skip this section on a first reading.

We recall that our task is to verify, under certain assumptions, the estimate (7.5).
We have 7 = 7(t,e) with t > 0. We realize 7(t,¢) as L%(Z) as in §6. There is then
a unique equivariant (isometric) isomorphism j : L?(Z) — 7 that maps the basis
element ey to ¢r. Thus ¢g, as in the construction of p, is equal to b(q)jx(eq),
where b(q) is defined recursively by

bg+1) = bg)——/alg + 1) — 2.

s+4q

Since t € R, we have |s +¢|? = q¢(q+ 1) — Q,, and so |b(q)| = 1 for all ¢. Moreover,
since t > 0, we have for fixed ¢ that b(q) = 1 + O(1/t). Thus the vectors ¢, are
asymptotically quite close to the j.(eq).

By a limiting argument, it will suffice to consider the case that T is a finite
rank operator T = . j-(v;) ® jr(v;) attached to some finite orthogonal subset

{v;} of L*(Z). For q,§ € Z, we set T(q,&) := Y, vi(q)vi(qg+ &), so that T =
Zq’g T(qaf)j‘n’(eq) ®j7‘((eq+€)? and \I/(qag) = <j7r(eq)\1/7j7r(eq+£)>a S0 that

pe (W) = " b(€)W(0,8)
3




QUANTUM VARIANCE ON QUATERNION ALGEBRAS, III 49

and

w(T, ) =" T(q,€)¥(g, &)
q,§

and

trace(T) = Y _[vi(q)* = >_ T(q,0).
9 q
By Cauchy—Schwarz and the assumed trace estimate for T,

D_IT(@ 1< 323 lesla)vila + )] < D luila)? = trace(T) < 1.

Set 7 := /=8, so that 7 = £(r). We temporarily abbreviate X,Y,W :=
7(X), 7(Y), m(W). We will use the following consequences of our assumption that
T is 0-localized at T:

trace((h W)"T) < h"™ for each fixed n € Zso, (7.6)

trace((h X —hr)T) < h°. (7.7)

Indeed, we have X(h7) =Y (h7) = hr and W(h7) = 0, so the polynomial p = W"
vanishes to order n at h7 and satisfies sym(pp) = (hW)", while the polynomial
p = X — hr vanishes to order 1 at h7 and satisfies sym(p,) =hX — hr.

By (7.6) with n = 2, we have

Z |hq|?|vi(q)|? = trace((h W)?T) < h?°.
i,q

Using Cauchy—Schwarz as above, it follows that for fixed &,

> 1T(q,9)] - [hg| < . (7.8)
q
We now fix 0 < ¢’ < 4, and argue using (7.6) for arbitrary fixed n that
> IT(g,8)] <h>. (7.9)
| hg[>h?’

We now investigate the consequences of (7.7). We have

hXT =Y T(q,§)h\/r* +q(q + Degr1 @ egre,
a,€

thus
trace(h XT') = Zh r2+q(qg+1)T(q,1). (7.10)
q
Our assumptions on 7 imply that hr < 1. We estimate the latter sum in the range
|hg| >h® using (7.9) and in the range |hq| < h® using the Taylor expansion
r?+q(qg+1) =hr+0(lhql).

The contribution to (7.10) of the remainder in this expansion is treated using (7.8).
We extend the sum to all ¢ using (7.9) once again. We obtain in this way that

trace(h XT') = hTZT(q, 1) + O(h?).

q
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Since T'(q,1) = Y, vi(q)vi(qg + 1), the estimate (7.7) thus translates to

D i@ =D vi(@)vi(g + 1) + O(1°). (7.11)
q,t q,
By iterating this estimate, one may deduce more generally that for each fixed &,
> wil@))? =Y vilg)vilg + &) + O(?), (7.12)
4,1 9,1
which translates to
ZT(q7 €) = trace(T) + O(h°). (7.13)

We record details concerning this deduction at the end of §7.2.
Recall that ¥(q,&) = 0 unless |[¢] < C for some fixed C. We have the trivial
bound

|¥(g, )| < II‘I’Ile(r\G) <1 (7.14)
for all ¢,&. Suppose now that |hg| < h®. We claim then that
U(q, &) < VhL+h™ (7.15)
and
U(g,€) = (0,£) + O(|hg|Vh L +1>). (7.16)

We will prove these when ¢ > 0; an analogous argument applies to negative q.
For j € Z>o and q,£ € Z, let (g, £) be defined like ¥(g, ), but with ¥ replaced
with X7W¥. We will work in what follows with fixed values of 7, so that || X/¥| < 1.
By (6.6), we have

T (0,6) < VhL. (7.17)
We also have the trivial bound
(g, €) < 1, (7.18)

as in (7.14).
We now argue recursively using the following instance of “partial integration”:
the integral over F\G of X(jﬂ(eq)jﬂ (eg+¢) X7 W) vanishes. Expanding this out, we

obtain with f(q) :=h+/r2+ q(¢ + 1) that
f(q+£)‘1”(q,£) = f(@W (¢ +1,6) +h W (g, € +1).
For ¢ in the indicated range and ¢ < 1, we have f(q) < 1 and f(¢+¢&) = f(¢)+0O(h).
Hence for such ¢ and &,
W (g+1,6) — ¥ (g, &) < h(|¥(q,€)| + [¥(q + 1,&)| + [¥ (g, £+ 1)]). (7.19)
Fix J € Z3( and then C € Ry, sufficiently large, and set

Bi(q) == C(1+Ch)~1 sup |97 (q,8)|.

We consider ¢ > 0 with |hg| < h®. Having chosen C large enough, the estimate
(7.19) implies
Bilg+1) < Bi(q) +ChBjt(g) (0<j<J). (7.20)
Similarly, by (7.18),
Bs(a) <1

Thus the sequence of (J + 1)-dimensional row vectors

Ala) == (Bo(a), Pr(a),-- -, Br-1(q), 1)
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satisfy

1
Ch 1

We also have, by (7.17) and the estimate (1+Ch)? = 14+ O(h® ), the initial bound
Bi(0) < vhL (0<j<J).
These lead to
B(q) < Vh L +h/=9% (7.21)
Taking 7 = 0 and recalling that J was arbitrary, we obtain (7.15), and also its
analogue for U!; inserting the latter into the j = 0 case of (7.19) then gives (7.16).

We now combine the above estimates to conclude. Expanding the definitions,
we have

w(T,U) = trace(T) (V) + S1 + So + S3

where
Spi=Y_ (Z T(q,€) — trace(T)> (0, 6), (7.22)
13 q
Sy =y T(q,€)(¥(q,€) — ¥(0,)), (7.23)
a0,
S5 = trace(T) » (1 —b(€))¥(0,%). (7.24)
3

Using (7.15) and (7.13), we see that S; < h® vh £+h>. To bound S,, we estimate

the contribution from |hgq| > hY via (7.9) and (7.15). We then estimate the
remaining contribution via (7.16). We obtain

Sy < VL Y D IT(q,6)] |hgl +h® <’ VhL+D0>. (7.25)

&EILC q

For Ss, we use that W(0,¢) < vAL and that ¥(0,¢) # 0 only if |¢| = O(1), in
which case b(¢) = 1+ O(h); thus S5 < hv/h L. This completes the proof of (7.5).

We finally record the promised details concerning the deduction of (7.12). Let
(V,{(,)) be a complex inner product space, with unitary group U(V).

Lemma. For a,be U(V) and v € V, we have
{abv — v, v)|"? < {av — v, 0)|Y2 + [(bv — v, v)|*/2.
Proof. Introduce the abbreviations
£a = |{av — v, 0)[Y2, & = |(bv — v, v)|V/2
We observe first, by expanding the square and invoking the assumed unitarity, that
lav — v||* = 2Re(v — av,v) < 262, (7.26)
and similarly for b. Consider now the inner product

I := {a(bv —v),av — v).
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On the one hand, by Cauchy—Schwarz and (7.26), we have |I| < 2ec4,65. On the
other hand, by expanding out and invoking the unitarity of a and b, we see that
(abv — v,v) = {(av —v,v) + (bv — v,v) — I,
and thus
[(abv — v, v)| < €2 + &} + 2e4ep = (4 + 3)%
The required inequality follows. ([l
Corollary. For a € U(V), v € V and n € Z, we have
< n?*l{av — v, v)|. (7.27)

[{a"v —v,v)

Proof. 1t suffices to consider the case n > 0; otherwise, replace (n, a) with (—n,a™1)
and use that

(av —v,v) = (a7 1v — v, v).
The required inequality is clear when n = 0,1. For n > 2, we induct; the induction
step is given by the lemma with b := a"!. O

Remark. By taking V to be C? with the standard inner product and a to be rotation
by some small angle, we may see that (7.27) is sharp, i.e., the factor n? cannot be
replaced by anything smaller.

We now explain how the corollary implies (7.12). Let V be the inner product
space consisting of collections of complex numbers v = {v;(q)}i 4, Where ¢ ranges
over some index set I and g ranges over Z, with the inner product given by

(u,v) = Z u;i(q)vi(q).

Let a denote the unitary operator on V' given by
(av)i(q) = vi(g +1).

Our hypothesis (7.11) then reads (v, v) = (v, av) + O(h®), while the desired conclu-
sion (7.12) reads (v, a*v) = (v,v) 4+ O(h®) for fixed £. Since €2 = O(1), the required
implication follows immediately from (7.27).

7.3. Constructing microlocal lifts via integral operators. Recall the coor-

dinates £ = i (? 52 ) on g”. We henceforth fix some 0 < § < 1/2. We denote
2 —&1

by K the set of all real-valued a € h=° Sy °° with the following properties:
e a(f) = 0 unless & > 0 and & < 1 and &,& < h’; equivalently, a is
supported in a O(h?) neighborhood of some fixed compact subset of {£(t) :
t > 0}. In particular, a vanishes identically on O(A) unless A < 0 and

[A] =< 1.
e We have
a(—(w-§)) = a(§) (7.28)
for all £ € g", where w = Pl (1) € G. Equivalently, a(£) is invariant

under swapping the coordinates & and &3.
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To each a € K, we attach an h-dependent element k of C2°(R.o) by the formula

= a2.
k(X) = /O(A)

We note that the support condition for k follows from that for a. We denote by K
the set of h-dependent functions k arising in this way. We verify readily that I has
the “control” and “richness” properties enunciated in §1.8.

We henceforth work with one such k together with a corresponding symbol a € K.
We fix C' > 10 sufficiently large that a(§) = 0 unless 3/C < & < C/3. Then
k(X)) = 0 unless 2/C < /=X < C/2.

We say that an h-dependent irreducible unitary representation 7 of G is good if

Ar <0and 1/C < vV — h? Ar < C, and otherwise that 7 is bad. Informally, the bad
7 are those whose rescaled infinitesimal characters are sufficiently separated from
the support of a that they play little role in our analysis.

Lemma. Let m be an h-dependent irreducible unitary representation of G. Set
T:= hOph(a)27

where Opy, (a) := Opy(a : 7).

(i) T defines a positive-definite trace-class operator on w. If 7 is good, then
trace(T) = k(b A;) + O(h'™9). (7.29)

If 7 is bad, then
trace(T) = O(h™ (M) ™). (7.30)

(ii) Fiz a mean-zero even eigenfunction ¥ € o € Ay, and suppose that m € Ay. If
T is good, then

(T, 0) = k(h? A\ ) (¥) + O(h° Vh £ + h™), (7.31)
where L := L(m,0). If w is bad, then

(T, V) = O(h™ (Ar) ™). (7.32)

Proof. If 7 is bad, then the estimate (7.30) follows from §6.7.11, while (7.32) follows
from (7.30) and the inequality |u(T,¥)| < trace(T)||¥| . Suppose that 7 is
good. Then 7 is tempered, Ay < 0 and |h? \;| < 1. Moreover, every element of
supp(a) Nh Oy is of the form h7+O(h®) with 7 = £(t), t = v/=€,. The hypotheses
of (7.3) are thus satisfied, while the conclusion gives (7.30). To deduce (7.31), we
combine the lemmas of §7.1. O

8. Proofs of main results

Following the sketch of §1.10, we must establish the three key estimates (1.19),
(1.20) and (1.21). These are recalled and verified in the following subsections,
followed by the modifications needed for the holomorphic case.
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8.1. Quantum variance sums via integral operators. Recall from §7.3 that
we have chosen k € K and a corresponding symbol a € KC. Then

f :=1*? Opy(a) x Opy (a)

(here * denotes convolution in C2°(G) with respect to our chosen Haar measure)
is an h-dependent positive-definite element of C2°(G), supported in a fixed small
neighborhood of the identity element. For each unitary representation = of G, we
have 7(f) = h'/? T, with T, := hOpy,(a : 7)? as in the lemma of §7.3. Recall from
§1.8 that

V() =Y el (), 0w (f), o) =0 D> wpp(Tr, U1)u(T, U3). (8.1)

TEAg TEAp

The purpose of this section is to verify the claimed estimate (1.19) relating V(f) to
the quantum variance of microlocal lifts, which we copy here for convenience:

V() =1 Y k(b Ae)’ g (U1) i (U2) + O(R°). (1.19)
TEAQ

We begin with an a priori bound:

Lemma. Fiz C > 1, and fix an even o € Ag. Then

h? Z tL(m, o) < 1. (8.2)
TEAQ:
c7i<—n% N <C

Proof. This can be deduced using an approximate functional equation and the
Kuznetsov formula as in the work of Luo—Sarnak-Zhao (who in fact obtain and
require asymptotic formulas with strong error terms rather than merely upper
bounds (8.2) of the expected order of magnitude). For completeness, we record
a self-contained proof of (8.2). We assume k € K chosen so that k(A) > 1
whenever C~' < =\ < C. Let 7 be as in (8.2), so that |k(h®\;)|> > 1. Set
T, := hOpy(a : 7). Fix an eigenfunction ¥ € o for which (6.5) holds, so that
k(0 X0) |2 |pr (®)]? > hL(m, o). It follows then by (7.31) that |u(Tx, ¥)|? >
hL(m, o). Thus the left hand side of (8.2) is bounded by a fixed multiple of
hyo ca, trl(Tr, )7, which is just V(f) specialized to ¥y = Wy = W. The iden-
tity (1.13) and the estimates (1.20) and (1.21) give an asymptotic formula for V()
which implies in particular that V(f) <« 1. This completes the proof. (We note
that the proofs of the estimates (1.20) and (1.21), given below, do not depend upon
the lemma that we are proving, so our argument is non-circular.) [l

We now verify (1.19). The contribution from bad 7 to (8.1) is adequately esti-
mated using (7.32) and the very weak Weyl law h'* Yorea, teldn) 10K h'" say.
If 7 is good, then we see by (6.4) and (7.31) that

,U(Tm ‘IJl),U(Tm \112) = k(hQ /\ﬂ)Q,‘LW(\Pl)ﬂﬂ(\I}2)
+ O /L1Ly +h™)

where £; := L(m,0;). To discard the error, we apply Cauchy—-Schwarz followed by
the above lemma, which gives for j = 1,2 that

h > (WL +h®) < h’.
good mE€Ag

(8.3)
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The proof of (1.19) is now complete. In the following sections we will verify (1.20)
and (1.21), thereby completing the proof of Theorem 1.
We note for future reference that for x € G (see §6.4),

flexp(a)) = 1% jac™ /2 (2)by] (),

where b € h™° S5 is characterized by the identity b = jac™Y2(a *y, a)y. By
35, §7.8], it admits an asymptotic expansion b ~ 3~ .- b; with by = a* and b; €
p—20+(1=20)5 S5 °; by this we mean that b — > 5. _;b; € p20+(1-20)J Sy > for
each fixed J € Zxy.

8.2. Main term estimates. Before beginning the proof of (1.20), we estab-
lish a relevant integral formula. Recall that we have fixed a Haar measure dg
on G. Let dz denote the compatibly normalized Haar measure on g (§6.4), and
let d¢ denote the corresponding dual measure on g, so that for instance ¢(0) =
JocoUeeqr #(€)et™) d€) dx for ¢ € C(g"). Let @ € Co(G) and ¢1, ¢z € Ce(g").
The integral

e /g o) /5 il 9 dsdg

is then independent of these choices of measure. Our immediate aim is to express
I in terms of the normalized symplectic measures on coadjoint orbits. We do this
under the assumption that the ¢; are supported on the “negative cone” {£ : A(§) <
0} = Us»0O(—t?), which is the case relevant for our applications.

To state our result requires some notation. Let ¢ > 0. Recall that £(¢) (see (6.1))
has G-orbit O(—t2) and stabilizer H (the diagonal subgroup). For &, 1 € O(—t?),
set

Geenp={9€G:g-n=¢}
For any choice of elements x,y € G with x - £(t) = £ and y - £(t) = 1, we obtain a
bijection H = Ge¢.,, given by s — xsy~'. We equip G¢.,, with the transport of
the Haar measure on H, as normalized in §1.5. The measure so-defined on G¢(y
is independent of the choice of x,y.

Lemma. Let I be as defined above, with ¢y, 2 supported on {& : A(§) < 0}. Then

dt
I= /t>0 /5,neO(t2>¢1(§)¢2(n) </G£HI <I>> duo(€) deo(n) . (8.4)

Proof. Although both sides of the identity are independent of all choices of Haar
measure, it is convenient to make explicit choices for the proof. Recall the coordi-
nates and notation of §6.1. We assume that dz = %dml dxo dxsz. This normalizes
a Haar measure dg on G, as well as the dual measure d§ = 8%(%1 dés dés on gh.
We equip G/H with the quotient measure dg. We note in passing that H meets
both connected components of G, so the quotient G/H could be replaced by the
quotient G'/H! of connected groups in what follows.

Let t > 0. We first explicate the value wg 4 of the canonical 2-form w on O(—t?)
(§6.2) at the point £(¢). Under the differentiated orbit map g — T (O(—t?)), we
have ey — —2te3 and ez — 2tes. Thus we(—2tes A 2tes) = (£(1), [e2, e3])/2mi =
2t/2m, and so we(y) = ﬁdfg A dEs.
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Let g = 87r2 d&, /\ d&s A d€3 denote the differential form on g” corresponding to
d§. Then Bey = 5= Ldgr A we(¢)- This implies the integral formula

tdt
d¢ = ik
/ﬁegA #le) & >0 </O(—f,2) ¢> 27

for ¢ supported on Us~qO(—t2).

On the other hand, the Haar measure on H corresponds to the Haar measure on
h = Lie(H) given by dx;. The induced quotient measure on G/H corresponds to
the differential form on g/f given at the origin by %d$2 Adzs. Under the orbit map
isomorphism g/f = Tg(t)(’)(—tz), we have %dxg Adzrs — iﬁdig Ndés = i%wg(t).
This implies the integral formula

/ ¢>:t/ b(g- (1)) dg.
@(,t2) geG/H

Combining the formulas established thus far, we obtain

/geG />0 /Eeo( 2 1(g - §)2(8) dw(€) < - Lt —dg

/ />0./1,EG/H (9-&()pa(y - £(1)) d yﬁdg
t2 dt

[ et ew) [ atwsydsdeay D2
t>0Jz,yeG/H seH

which simplifies to the required formula. (I

We now verify (1.20), which we copy here for convenience:

1(f) = / o sy ds [ k(-2 L
seH t>0

™

+ O(h°). (1.20)

Using (6.10) and (7.28), we compute that w - f(g) = f(g~!), hence &f = f+;“”'f,
and so

() = / o D)60a) dg. B(g) = (g7, ). (8.5)

We compatibly normalize Haar measures on G, g and g" as above. By change of
variables and Parseval, we then have

- f. o= / jac(z) £ (g~ exp(x)g) flexp(a)) da

reg
—h3<9 bhabv>9
= <g : ba b>9A
As explained in §3.1.6, all of these integrals converge absolutely. For instance,
we have ®(g) < || Ad(g)]|~" for some fixed n > 0 by standard bounds for matrix

coefficients (§3.1.5), while (g - b,b)gn < || Ad(g)||~* by direct calculation. Since
ngG || Ad(g)||=1""dg < oo, the required convergence follows. The same argument

gives also that for any c1,co € Sgoo,

/ . D(g)(g - c1,c2)gn dg < 1. (8.6)
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Using (8.6) as an a priori estimate and inserting the asymptotic expansion b ~
> >0 b; noted previously, we deduce that for each fixed N > 0, there is a fixed
J > 0 so that

I(f) = Z Ijl;j? + O(hN), I]'17j2 = /GG Q)(g)<g . bjl?bj2>g/\ dg
g

0<g1,52<J

The above lemma gives, with ®'(£,7) := [,

Geer ®, that

e B (E)bs at
L= ] P EN @ W @ ot 5 D)

Using the orbit map at £(t) € O(—t?), we can view ®' as a function on (G/H)?.
Using the absolute convergence of the integral defining ® and the smoothness of
the vectors Uy, Uy, we see that the function @' is smooth (see [35, §18] for re-
lated arguments). In particular, ®’ is Lipschitz near the origin, where it takes
the value ®'(£(¢),£(t)) = [; ®. On the other hand, the factor by, ()b, (n) van-
ishes unless &,n = £(t) + O(h‘s); in that case, it is bounded in magnitude by
O(h~#+(1=20)(1+32)y "and we have @' (€,7) = Sy @+ O(h?). The volume of the set
of such pairs (&,7) is O(h*). Tt follows that

I,y < h(1=28)(1+72)
In particular, since ¢ is sufficiently small, we have I;, j, < h’ if (j1,72) # (0,0).
On the other hand, since by = a? and f(')(—t2) a? = k(—t?), we have

Ipo = </H <1>) /DO k(—t2)? ;i—fr + 0(h?).

This completes the proof of the required estimate for Z(f).

Remark. An alternative proof may be obtained by first decomposing (g - f, f)
over the spectrum of L?(G) as the integral of the Hilbert—Schmidt inner prod-
ucts (m(g)m(f)m(g)~ ', 7(f)). This decomposition is reflected above, in (8.7), at the
level of coadjoint orbits.

8.3. Error estimates. We now prepare for the verification of (1.21), which re-
quires some Lie-theoretic preliminaries. We begin with some trivial remarks con-
cerning the complex plane which we hope convey a useful reference picture for the
estimates to follow. There are two common choices of coordinates: the rectangu-
lar coordinates, described by real and imaginary part, and the polar coordinates,
described by radius and angle. The former is adapted to addition, the latter to
multiplication. If we restrict the radius to a fixed compact subset of the positive
reals and the angle to a sufficiently small neighborhood of the origin, then the real
part is likewise restricted to a fixed compact subset of the positive reals; moreover,
the imaginary part and the angle are bounded from above and below by constant
multiples of one another. These restrictions define a region in the complex plane.
Given a scalar-valued function ¢ on that region and a small scaling parameter
h > 0, there are two natural ways to rescale ¢ so that its support concentrates
along the positive reals: in rectangular coordinates (by scaling the imaginary part)
or in polar coordinates (by scaling the angle). The two classes of rescaled functions
obtained in this way resemble one another. We aim now to record some analogues
and elaborations of these observations with the complex numbers replaced by the
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2 x 2 matrix algebra M. Such considerations are natural because we are ultimately
studying a problem in multiplicative harmonic analysis (the variance sums V(f)
attached to test functions f on the group G = PGL2(R)) using additive harmonic
analysis (via theta functions attached to Schwartz functions Q7 f on the matrix
algebra M = M>(R)).

We denote by g = sly(R) the Lie algebra of G. We may identify g with the
subspace of traceless elements in M; then M = R & g, where R is the subspace of
scalar matrices.

Let R C Ri and G C g be precompact open subsets. We assume that 0 € G
and that G is star-shaped: hG C G for h € [0,1]. We assume that G is taken small
enough in terms of R; in particular, we assume that the map

R x G5 (r,z) — r'/?exp(z) € GL (R)
is an analytic isomorphism onto its image, which we denote by M. We write
(p,0): M—>RxG

for the inverse isomorphism. Thus for v € M, we have p(v) = y/det(v), while 0(v)
is the logarithm of the image of v in G. We informally regard p(v) and 6(v) as the
respective radial and angular parts of v.

Every element of M3(R) may be written uniquely in the form ¢ + u, where t € R
and v € g. Write vy(t,u) = (p(t,u), 0(t,u)) =: (r,x), say. Then

1 t
r=vt>—u2 x==log +u.

2 t—u
We informally regard (¢,u) and (r,z) as the respective rectangular and polar coor-
dinates on M.
Since G is small, we have ¢t £ 0. Thus r, ¢ are both constrained to lie in compact
subsets of R*, and so

Ir] < 1= [t]. (8.8)
Moreover,
|z =< |ul. (8.9)
Indeed, we may expand the analytic map
R@&g>s (t,u)—0(t+u)eg (8.10)

as a Taylor series }_, -, ¢o(u/t)", and similarly for the inverse map. By (8.8), it
follows that x and u tend to zero simultaneously and at the same rate. Since the
magnitudes of both are bounded from above, we deduce (8.9).

We now fix a cutoff ¢ € C°(M) and define a family of maps of Schwartz spaces

S(g) =» S(M), ¢+ Py,
indexed by h € (0, 1), by the formula
Dy (t 4+ u) := q(t +hu)pth™ 0(t + hu)).

Informally, @y is obtained from ®; by rescaling in two stages: first shrinking the
angular support in polar coordinates, then stretching the imaginary support in
rectangular coordinates. The reference picture discussed above hopefully renders
the following observation unsurprising:

Lemma. The family of maps ¢ — Oy, is equicontinuous for the Schwartz topology.



QUANTUM VARIANCE ON QUATERNION ALGEBRAS, III 59

Proof. The derivatives of the map (¢,u) — ¢(t + hu) are uniformly bounded.

Moreover, the derivatives of the map (¢,u) — h™' (¢t + hu) are bounded, uni-
formly for ¢ + hu € supp(q). Indeed, we may write each such derivative as a
convergent Taylor series; applying the triangle inequality gives a finite bound for
the magnitude of this series, and the observation following (8.10) implies that this
bound improves as h decreases.

By the chain rule, we deduce that the derivatives of ®;, at ¢ + u are dominated
by derivatives of ¢ at those elements h™" #(t 4+ hw) for which ¢t +hw € supp(q). For
such elements, the estimates (8.8) and (8.9) give |t| < 1 and |h™ (¢t + hu)| < |ul.
Thus the rapid decay of the derivatives of @}, follows from that of ¢. O

We now apply these considerations to establish (1.21), which we copy here for
convenience:
Er (VT 1,07 f) < 00 (1.21)
Let 7 € {m1,72}. We assume R taken large enough to contain the support of
r — W(rr), and take G small enough. We may assume that Op was defined with
respect to a cutoff supported in G. Set
TN e W(rp(v)*) . _1j2
q’(v) = WJ% ?x (0(v))
and ¢ := bY, with b as in §8.1. We see then by unwinding the definitions that for
v E M,
OTf(v) = ¢ (0) L2 g O(v)).
Let @] be defined as in §8.3 using ¢” and ¢. Then O7 f(t +hu) = h—3/2 ST (t+u).
We may express this identity in terms of the normalized dilation operators D, (see
§1.8) as
O7f = D1/n®y,
so by Theorem 3,
En (O 07 f) = & 7, (Dyyn®t, Dyyn®y) < h' log(hfl)C((bgl)C(fI)gz),

for some fixed continuous seminorm C. We appeal now to the (h-uniform) continuity
of ¢ — @ noted in §8.3, together with the continuity of the map a — b composed
with the Fourier transform b — b = ¢, to write C(®]')C(®]?) = O(C(a)?) for
some fixed continuous seminorm C on S(g”). The definition of Sy > implies that
C(a) < h™° for some fixed N € Zx, so we may conclude by taking 8" := (2N+1)4.

Remark. The proof of (1.21) recorded above is a bit different from that of the corre-
sponding estimate in [29], whose analogue here would be to exploit the smoothness
of ¥ and the diagonal G-invariance of (f,¥) — u(w(f),¥) (i.e., the “SO(BY)-
invariance” noted in Theorem 4) to “fatten up” the symbol a under the adjoint
action. The argument given here produces weaker estimates, but is a bit shorter
and simpler.

The proof of Theorem 1 is now complete.

8.4. The holomorphic analogue. Central to our analysis of microlocal lifts of
Maass forms was the definition (6.1) of £(t) € O(—t?). We may reformulate our
definition of H and choice of w as follows:

e H is the centralizer of £(t) (for ¢ # 0).

e w is an element of N(H) — H. Then £(t) = —w - £(1).
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For the proof of the holomorphic analogue (Theorem 2), we take instead

40, z(? Bt> € O(#2).

Thus X (&'(t)) = Y (&'(t)) = 0, while W(¢'(t)) = t. We choose H and w analogously:

0 1

—_ 1 —
H=K", w—(l 0

) ENH)-H=K- K"
The relevant orbits are now the O(¢?) rather than the O(—t2). The relevant repre-
sentations are now the m € Ay with A\, = (k — 1/2)? > 0 for some natural number
k. Recall from §1.7 that for such 7, we define ji, to be the L?-mass of a normalized
lowest weight vector ¢,. One can motivate the definition of ¢(¢), as in §7.1, in
terms of the approximate symmetries of ¢,. As partial motivation, we note that
W =W(E(k)pr-

The analogue of Lemma 2 of §6.6 remains valid, with the same proof.

The analogue of Lemma 2 of §7.1, obtained by

e replacing the assumption A\; < 0 with A; > 0, and
e replacing 7 = £(v/—Q,) with 7 = £ (v/Q,),
remains valid, by similar arguments.

In §7.3, we now define K by requiring that a be supported in a O(h‘s) neighbor-
hood of some fixed compact subset of {£'(¢) : t > 0} and satisfy a(—(w - &)) = a(§),
with the “new” value of w. We define KK C C$°(Rs () analogously. The analogue of
the lemma of §7.3 then holds, with the same proof.

The discussion of §8.1 applies upon replacing each occurrence of —A, with A.

Once we have chosen the measure on H carefully, the lemma of §8.2 will hold
upon replacing A(£) < 0 with A(€) > 0 in the support condition and O(—t?) with
O(t?) in the integral, with G¢., defined analogously using the “new” definition
of H. The proof boiled down to a calculation with differential forms. This can
be carried out after complexifying and conjugating &'(¢) to a diagonal matrix, at
which point the same calculation applies. For the normalizations to be consis-
tent, we need the Haar measure on H to correspond to the 1-form on § that, after
complexifying and conjugating H to the diagonal subgroup, is given in the coor-
dinates of §6.1 by dz;. We verify readily that the appropriate Haar on H is thus
Juf = feeR/27rZ (e d. In particular, vol(H) = 2.

The error estimates (§8.3) go through without modification.

We obtain in this way a result exactly analogous to Theorem 1, but with the
condition 0 < —h?\; < 1 replaced by 0 < h? \; < 1. We simplify by evaluating
Jocn (sVY, W8) ds = 2m (¥, W), using here that each W; is invariant under K (and
thus also under H and w). The proof of Theorem 2 is then complete.

9. Concluding remarks

9.1. Removing the arithmetic weights. Here we fulfill the promise made in
Remark 4 of §1.6 by explaining (a bit informally) how the modification factor (1.12)
obtained by Sarnak-Zhao arises from the perspective of our method. Recall that
tr = L (ad7,1). The idea is to write the desired unweighted variance sums

limh ) e (01) e (T2)
0<—h2 X\, <1
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as the double limit

mlmV(s), V(S):=h > L(adm Dun (W) (V). (9.1)
0<—hZA.<1

where limg: denotes the limit taken over increasing finite subsets S’ D S of the
set of finite primes of F', ordered by inclusion. We then try to swap the limits.
The subtlety in making this precise is that the Euler product of L(adm,1) fails to
converge absolutely, but because 1 is at the edge of the critical strip, the failure
is mild, so we at least expect the naive swapping of limits to produce the correct
answer. Theorem 4 applies to any S’ D S; combining it with the estimates of Part
2 shows that as far as main terms are concerned,

VS =v(S) T e

peS’'—S
where )
o (p) = 7/ (9 f, rcra(r,) ®(9),
¢p(2)Ly(0, 3) Jgerara(s,) 2(F%)

where

e (,(5) = (1—|p|=%)~" denotes the local zeta function for F),

o L,(0,5)=(1—Xs(p)p~*+p2*)~! denotes the local factor for L(o, s) at p,

e we fix an arbitrary Haar measure on PGLy(F},) (the quantity ¢, (p) will not

ultimately depend upon this choice),

e f is the normalized characteristic function vol(.J,)~*1 7, of a maximal com-
pact subgroup J, of PGLy(F},),

e g f(x):= f(g~'zg) as usual, and

e & is the normalized bi-J,-invariant matrix coefficient of the unramified
representation of PGLy(F),) corresponding to the action of T}, on o, so that
for instance ®(1) = 1 and ®(diag(ew, 1)) = %, with @w € F), a

uniformizer.

The modification factor (1.12) is then explained by the following local calculation:

As
Lemma. cs(p) = Cpb)(l — |p|3/2ﬁ2‘1/2)-

Proof. This follows by direct calculation with the Macdonald formula [5, Thm 4.6.6]
and the Cartan decomposition; we leave it to the interested reader. O

9.2. Heuristics. In this section, we record a heuristic derivation of the limiting
variance (1.10) obtained in our main result (or more precisely, its unweighted variant
discussed in §9.1). This serves both to check of the correctness of our results and
to offer some perspective on the deviation in behavior of variance sums between
arithmetic and non-arithmetic settings.

9.2.1. Overview. We revoke our general assumptions by taking for I' any discrete
cocompact subgroup of G (possibly non-arithmetic). The definitions of §1.5 adapt
fairly painlessly to this setting, possibly after making some choices in the event of
eigenvalue multiplicities. We fix ¥ € C*°(T'\G) of mean zero (not necessarily an
eigenfunction) and suppose given some unit vectors v, € 7 for each 7 in some vary-
ing family 7 C Ap (e.g., we might take for v, the vectors defined at the beginning
of §7.1, so that the microlocal lifts are given asymptotically by ¥ — (v, U, v.)).
Our aim is to understand the asymptotics of the variance sums Y o [(v2 ¥, v,)[?.
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Translated into representation-theoretic language, the basic idea underlying
the semiclassical predictions (see [7], [51, §15.6], [36, §4.1.3]) in the generic non-
arithmetic setting is to postulate that

‘<U7T\Ilau7r>|2 ~ |<Uﬂ\1’vvﬂ’>|2 (9.2)

whenever 7" and 7 are “close” (denoted 7’ & 7) as quantified by their isomorphism
classes under the group G. Then

Z |<U‘n'\Ila'U7r>|2 ~ Z ]Eﬂ/zn‘<vw\:[/,v7r’>‘2~ (9.3)

TeEF TeEF

The right hand side of (9.3) may often be studied rigorously via semiclassical anal-
ysis, leading to predictions concerning the left hand side.

This heuristic often requires some modification. One way that (9.2) can fail is
when the representations = € F are self-dual, i.e., equal to their complex conjugates
T (the representation-theoretic incarnation of “time-reversal symmetry”); in that
case,

(v: 0, v;) = (U, V,T,) with T, € 7.
Suppose for concreteness that v, = wv, for some involutory element w € G. It
follows then that the distributions ¥ — (v, ¥, v,) are w-invariant. On the other
hand, there is no obvious reason to suspect that the more general distributions
U (v, ¥, vy ) are w-invariant when 7’ # 7, so (9.2) can fail, most obviously when
wW¥ = —W¥, The simplest way to repair this failure is to restrict from the outset to
observables ¥ for which w¥ = U.

Another way that (9.2) can fail is if the space I'\G admits a nontrivial correspon-
dence T. We may assume then that = and 7’ are T-eigenspaces with eigenvalues
A and N. These eigenvalues may bias the asymptotics of (v, ¥, v./). The bias is
most striking when 7' is an involution and TV = ¥, in which case parity consider-
ations imply that (v, U, v,/) = 0 unless A = A'. Thus (9.2) fails. We can repair it
by strengthening the closeness condition ' ~ 7 to require also that A ~ A. The
right hand side (9.3) can now be estimated using semiclassical analysis on “G x T',”
leading to a modification of the expected variance asymptotics. For instance, in
the case of an involution, the modification is given by doubling; the factor 2#° in
Theorem 1 may be explained in this way in terms of the involutory Hecke operators
T, (p € 5).

Such modified heuristics extend easily to finite commuting families of correspon-
dence, but their further extension to arithmetic settings as in Theorem 1, with
infinitely many commuting correspondences T}, requires some care. A naive ap-
proach is to run the heuristics first taking into account only those T}, for p belonging
to some large finite set P, and then to take the limit as P increases. We implement
this naive approach in detail below. We will encounter main terms involving finite
Euler products [[ ¢ p Ly (0, 3)- Modulo the subtle business of identifying these with
their formal limit, we will see that the resulting predictions are consistent with our
rigorous results and also with the triple product formula and L-function analysis.
Peter Sarnak pointed out to us that this consistency is analogous to the heuris-
tic derivation of the Birch—Swinnerton-Dyer conjecture via the Hardy-Littlewood
method.

9.2.2. General predictions. Turning to details, choose a Haar measure on G and
denote by G” the tempered dual, equipped with Plancherel measure. Equip I'\G
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with the quotient Haar. Suppose given a nice subset F of G and a nice function
f G — C such that

e for m € F, the operator m(f) is the orthogonal projection onto the line Cu,
spanned by some unit vector v, € 7, and

e for m ¢ F, we have 7(f) = 0.
(In practice, such assumptions are satisfied exactly only for p-adic groups Gj
for real groups, one should instead smoothly weight the family F and work
with families of vectors in each m € F, as illustrated in the bulk of this pa-
per. We omit such technicalities from this heuristic discussion to keep the ex-
position clean.) We then have the spectral decomposition f(g) = [ _#(vx, gvx)
and the formula fw€ﬁ|<gvﬂ,vﬂ>|2 = {(g-f,f), with g f(z) = f(g 'zg) as be-
fore and the latter inner product taken in L?(G). We take for F C Ay the
set of all 7 whose isomorphism class belongs to F. The pretrace formula reads

Yomer Un(@)va(y) = 32 cr fla=lyy) = > ver Jre s (@vm, yyvx). Dividing this by

the Weyl law #F = vol(I'\G) vol(F) gives

1

Eﬂe}'vﬂ—(l')m ~ W ZEwe]}<xvﬂa7yUﬂ>a (94)
~el’

where E denotes the average (taken with respect to the counting measure on F and
the Plancherel measure on F).

Suppose temporarily that Fis sufficiently concentrated near some given m € Ay
that (gus,vp) = (gug, vy) for all 7/ € F. Then (9.4) simplifies to
1

Errerva (2)vp (y) & ———=—< Y (zUg, YYUz). (9.5)
g Y Vol(F\G)’YEZF R

Assume that quantum ergodicity holds in the strong form

1
77\1/’ Tr\IJ R ET Ty Vm \117\117 9.6
(807 ),07%) ~ i (g0, 0} 0, 0) 0.
at least on average over m. From (9.5), (9.6) and “unfolding,” we obtain
1
E,. I VI L P )2 gW, W), 9.7
ool = g [ e Plgv w0

We now relax our assumption that F be concentrated and consider fairly general
families. By the Weyl law, we expect

> lgve, ve)* ~ Vol(F\G)/ [{gur, va)|* = vol(T\G){g - [, f)- (9-8)

TeF TEF
Suppose that the heuristic (9.2) holds. We may then apply (9.7) to the family

/

{n’ . ©’ = w}, substitute the result into (9.3), and appeal to (9.8), giving the
prediction

, 1
Sl & gy [0 £ Dl 99

TeF
subject to the modifications indicated above in the case of the “time-reversal sym-
metry” m = T or the presence of nontrivial correspondences on I'\G.
We note that this argument applies to fairly general quotients I'\G. This gener-
ality will be exploited below.
In the following, we specialize (9.9) in three ways.
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9.2.3. Generic non-arithmetic lattices. First, we take G := PSLy(R), ' < G a
“generic” (i.e., trivial commensurator) non-arithmetic cocompact lattice, v, as in
§7.1, and F = {m : 0 < —h?\; < 1} (the relevant definitions apply equally well to
PSLy(R) as to PGL3(R)). We may take f essentially (i.e., up to the constant factor
h'/ 2) as in §8.1, with k& approximating the characteristic function of the interval
(—1,0). We assume that 7 = 7 and that ¥ is invariant by w = <_01 é) € G. By

the analogue of (1.20) for PSLy(R), the prediction (9.9) simplifies to

h Y (9P~ 27TV()11(I‘\G)/u€R<(GU/2 eu/2> W, 0) du,

0<—h? X <1

which may be seen to agree with the prediction of [7].

9.2.4. Arithmetic lattices. Second, we address the setting of Theorem 1. We focus
for simplicity on the diagonal case ¥ € o € Ap, and assume that ¥ = U™ ag in
(1.11). Our task is accomplished most directly by applying (9.2.2) to the adelic
quotient G(F)\G(A) (notation as in §1.5), which has the effect of incorporating
the nontrivial correspondences on the real quotient. We take for f a tensor product
®pfp over the places p of F', where the local factor f; at the distinguished real
place q is as in the previous paragraph and the remaining f, are the normalized
characteristic functions of compact open subgroups J,, as in §1.5. The (absolutely
divergent) integral on the right hand side of (9.9) factors (formally) as a product
Hp I,, of local integrals over all places p of F'; at places other than g, the component
of (g¥, V) is the normalized bi-J),-invariant matrix coefficient of o at p, as in §9.1,
while at q we take the usual matrix coefficient. The local integrals I, have been
computed. The local integral I, is given by (8.5). For archimedean places p other
than the distinguished real place q, we have I, = 1 by (3.16). For finite primes
p € S, we have I, = 2 by (3.15). For finite primes p ¢ .S, we have I, = L,(o, %)(1 —
%) by §9.1. Modulo identifying Hpgs Ly(o, 1) with LY (o, 1), we derive
from (9.9) the prediction

o4 6u/2
h > (WP~ 76/ <( —u/2> v, ) du,
o<1 21 vol(T\G) Juer e
As(p
& = 2L, 1) [T - ALy,

s PPl

We verify readily that this prediction agrees with the unweighted variant of Theo-
rem 1 discussed in §9.1.

9.2.5. Comparison with L-function heuristics. Thirdly, we verify that the predic-
tions of §9.2.2, and hence likewise our main results, are (unsurprisingly) consistent
with the triple product formula and standard heuristics for averages of families of
L-functions. We include this discussion not only as a further check of our calcula-
tions, but also because we feel that it offers an interesting semiclassical perspective
on the triple product formula itself.

We continue to take I'\G = G(F)\G(A). Equip G(A) with Tamagawa measure,
so that vol(I'\G)) = 2, and factor the measure on G(A) over the places v of F in
such a way that for p ¢ S, the local measure at G, = G(F),) assigns volume one to
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a maximal compact subgroup. The main result of [13] then says that for v, and ¥
unramified outside .5,

1
|<’U7r\117 U7r> ‘2 = ée(S)(ﬂ—a O')w(ﬂ—)a

where
LO(rer®o0,i)
L) (ad7,1)2LS) (ad 0, 1)

{gvr, vx)|? (g0, ¥). We assume (for simplicity, and

(S (m,0) = (2 (2)?

and w(m) := [],cq g€l s G
without loss of generality) that our family F has been chosen sufficiently con-
centrated that the weight 7 — w(n) is essentially constant over its support. By
comparing with (9.2) and (9.7), we see that our predictions translate to

8

Erert® (m,0) = vol(T\G)2 H Ip,
p¢S

where I, is as above. (As before, the product diverges and is to be understood
formally; in particular, it hides the factor L() (o, %)) We may spectrally expand
I, as the integral over unramified m, € G, of the integral fger Zr,(9)%E0,(9)
of normalized unramified matrix coefficients. Ichino-Ikeda [14, Theorem 1.2] have

shown that the latter integral evaluates to the local Euler factor ¢,(mp,o,) for
(9 (7, 0), so that in fact

- | £y (T, 7). (9.10)
unramified 7, EG)

We may factor L(mn®@7®0, 1) = L(ad 7®0, 3)L(0, 5). The family 7 — L(ad 7®0, 1)
is self-dual with positive root numbers (assuming o even) and orthogonal symmetry
type, so random matrix heuristics (see, e.g., [35, §1.2]) predict that

EerltS (m,0) =2 H I,
p¢sS

with I, as given by (9.10). Since 8/ vol(T'\G)? = 2, those heuristics are consistent
with ours.
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