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1. INTRODUCTION

A recent paper of OpenAl [I2] established the following result, known as the
exclusion of Landau—Siegel zeros:

Theorem 1. There is an effective absolute constant ¢ > 0 such that, for every
primitive real Dirichlet character x of conductor q, we have
c
L(s,x) #0 for real s > 1 Tog(2g)"

Theorem [I] has significant consequences in analytic number theory, including for
the distribution of primes in arithmetic progressions and the sizes of class groups of
quadratic fields. The book by Davenport [6] is a standard reference for that context.
The result was immediately superseded by another result of OpenAl [I1] showing
that L(s,x) # 0 for s > 7/8 for any Dirichlet character y, but the method of
proof of Theorem [1|is of independent interest.

The proof uses the following standard criterion, relating zeros to prime sums:

Lemma 2. Suppose there are effective constants 0 < k <1 and B > 0 such that for
every x > 2 and every primitive real Dirichlet character x of conductor q, we have

1
Z 08D < klogz + Blog(2q). (1)
p<z
x(p)=-1
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Then the conclusion of Theorem[d] holds.
Proof. See Appendix [F] O

Mertens’s theorem gives > _, loip <logz+ O(1), so (1)) for x < 1 represents a
saving over the trivial bound, uniformly for log ¢ = o(log ).

These notes were written to help me understand the method of proof of Theorem
They are based on notes of Alexandru Pascadi [I3] and a blog post by Tao [16],
which was in turn based on a note by Green [7]. There are many related notes,
including those of Banks [2] [I], Barreto [3], van Dijk [18], Guo []], Kerr [9] and
Kominers [10]. We used Codex (GPT-6.1 Sol on “Low” reasoning effort) extensively
in both preparing and revising these notes (particularly for the estimates of .

The new method for establishing may be understood as a way to control the
distribution of Frobenius elements. Let F'/ Fy be a finite Galois extension of number
fields (we lose little by taking Fy = Q). We write

do := [Fo : Q), d:=[F: Fy), A = |disc F|. (2)

We denote by p a prime of Fj, i.e., a nonzero prime ideal of the ring of integers
Op,. We denote by |p| := |Op,/p| its absolute norm.

Suppose p is unramified in F'. For each prime p of F' above p, we write Frob, €
Gal(F/Fy) for the arithmetic Frobenius element, characterized by

Frob, (u) = u/Pl  (mod p) (3)
for all w € Op. We write Frob, C Gal(F/Fj) for the Frobenius conjugacy class,
which consists of the Frob, for all p above p. Throughout these notes, sums or

products involving Frob,, or Frob,, are understood to be restricted to primes p that
are unramified in F.

Example 3. Take Fy := Q, so that dy = 1, p is a rational prime and |p| = p. Let
D # 1 be a fundamental discriminant. Let xp denote the corresponding primitive
real Dirichlet character (the Kronecker symbol). Every such character except the
principal character arises in this way. Take for F' := Q(\/ﬁ) the corresponding
quadratic extension, thus d = 2. Write Gal(F'/Fy) = {1,0}, and take for C := {o}
the nontrivial class. Then p is unramified in F' precisely when p{ D, and

Frob, =0 <= xp(p) = -1 (4)

In view of Example |3| the sums appearing in are controlled by the following
more general result:

Theorem 4. Let C C Gal(F/Fy) be a conjugacy class. For every real x > 2,

1 c 1
E O|g};7|p| < % (logx + 3 log A> + do loglog(3x) + 50d,|C. (5)
<z
Frltftl);=c

Theorem [d] specialized as in Example [3] implies the hypotheses of Lemma [2] for
any fixed 1/2 < k < 1, such as k = 3/4, with an absolute constant B. Theorem
follows. The coefficient |C|/d is the density occurring in the Chebotarev density
theorem (see Stevenhagen-Lenstra [15] for background, and Thorner-Zaman [17]
§1] for a discussion of effective versions).

The idea of the proof of Theorem [4]is as follows. Let p | p be as in the definition
(3), and suppose that Frob, = ¢ € C. Then for each u € Op, we have o(u) = ul?!
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(mod p); in other words, the pair (u,o(u)) € O% lies in the vanishing set modulo
p of the polynomial X Pl — Y. This vanishing forces many relations, modulo p and
its powers, between the values taken by polynomials at the pairs (u,o(u)). For
example, for f € Op[X,Y], we have the implication

(X =Y)" | f = fu,0(u)) €p". (6)

To control these relations as p varies, it is natural (at least in retrospect) to consider
the determinants ¢ obtained by specializing f and u to finite sets. To fix ideas, take
a finite subset {u;} C O and a finite collection of monomials {X% Y%}, where
1 <4,7 <r, and consider

5= det(u?ja(ui)bj)i € Op. (7)

2]

If § # 0, then it satisfies the product formula

> ordy(6) loglp| =) log|d].. (8)
p

v|oo

The integrality of § makes each term on the left-hand side nonnegative, so by
dropping some terms, we obtain the inequality

> ordy(8)loglp| <D logld].. (9)
Frol':;, =0 vloo
We might expect relations like (6]) to force ord,(8) to be large whenever Frob, = o.
After estimating the archimedean norms of 4, we might then hope to use @ to give
upper bounds for the set {p : Frob, = o}.

Without derivatives, this strategy gives no improvement over the trivial bound
in the quadratic case d = 2, as we explain in In that case, a nontrivial bound
was obtained in [I2] using the following idea. Take a biquadratic extension F’/F
containing F, and let 01,09 € Gal(F'/Fy) denote the two lifts of the nontrivial
element o € Gal(F/F,). If Frob, = o1, then ulPl = oy (u) (mod p); if Frob, = o2,
then ul”l = oy(u) (mod p). Thus the triples (u, oy (1), 02(u)) allow one determinant

det (u? o1 (u;)" oo (u;)) (10)

0,7’
with u; € O, to detect both families of primes. The product formula over F’ turns
out to give a nontrivial bound. We explain the numerics in Example One can
do better numerically by passing to further extensions and introducing additional
variables (Example [26]).

A refined approach, observed in [7], is to consider the determinants defined using
not just point evaluations, but also derivatives in the first variable:

det(é)?(X‘”ij |X=ui,Y=0(Uz')) (11)

(i,k),5"
Derivatives preserve the divisibility in @ (Lemma , while supplying more evalu-
ation conditions at the same points. This method readily yields the sharp bounds
noted in Theorem [@} we use it to prove the theorem in §7] then discuss the various
approaches in
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2. SPACES OF POLYNOMIALS

We begin by constructing spaces of polynomials in which “many elements are
divisible by large powers of X9—Y”. We do so by taking spans of sets of monomials
closed under the substitution X9 — Y.

Lemma 5. Let ¢ > 1 be a natural number. Let T be a finite subset of Z220~ Assume
that T is closed under (a,b) — (a—q,b+1) whenever a > q. For (a,b) € T, define

fap = XOTEYY(XT_Y)R k= {“J :
q
These polynomials define a basis for

P zx*y’czX,Y]
(a,b)eT

Proof. By the binomial expansion,

k
fap = XYV =) ( ) (—1)yI X vybti,
J

j=1

By our closure assumption concerning 7, each monomial on the right-hand side
has its exponents in 7. Moreover, each such monomial is strictly less than X*Y?
in the lexicographic ordering (first by a, then by b). The f,; are thus related to
the standard basis X?Y? via an upper-triangular substitution with ones on the
diagonal, hence form a basis. O

Example 6. For H > 1 and t > 2, set
T :={(a,b) :a+ Hb < t}.

This selects monomials of weighted degree less than ¢, where X has weight 1 and Y
has weight H. The closure assumption of Lemma [5|is satisfied if H < ¢ (in other
words, if X? — Y does not increase the weight).

Lemma [f] generalizes to more variables, with the same proof:

Lemma 7. Let ¢ > 1 and r > 1 be natural numbers, and let £ € {1,...,r}. Let T
be a finite subset of Z’;gl that is closed under a = (ag,a1,...,a,) — a — qeg + ey
whenever ag > q. For a € T, define

ao

o= XX - X ke |2

These polynomials define a basis for

@ Z‘X((Jlo‘Xil1 T X;M - Z[X07 s ’XT]-
a€T
Given weights Hy, ..., H, > 1, Example [f] generalizes to

T = {(a07a17~~-aar):a0+H1a1+"'+Hr(lr<t}.

The substitution Xg — X, preserves this set whenever ¢ > Hy.
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3. EVALUATION MATRICES

For the rest of these notes, we assume given the following data:

e A commutative ring R. In practice, it will be a ring of integers, a local field
or a global field.
An integer r > 1. We eventually specialize to r = 1.
A finite, nonempty subset T of Z;‘Bl.
An integer I > 1 and, for each 1 <4 < I, an element z; = (2;0,...,2i,) €
RH1
e An integer J > 1.
We impose further conditions as needed.
Given the above data, we introduce some notation:
o T:=|T]|.
e For each exponent tuple a € Z;‘Bl, we define the corresponding monomial
X=Xy X2 and its total degree |a| :==ag+ - + a,.
e We denote by

T @ RX% — RI*J
ac€T
the map assigning to each polynomial f with exponents in 7 its values and
derivatives at the given elements z;:

(f) = (0%, =),

where 1 <i<JTand0<j<J.
e M denotes the matrix of 7 with respect to the standard bases:

M )0 = (%, X ") (2). (12)
When r = 1, we also write X,Y for Xg, X;.

j?

4. DIVISIBILITY

Suppose that R has an ideal p containing the image of an integer ¢ > 1. For
example, take R = Op, ¢ = |p|, and p a prime above p.
If u,v € R satisfy v = u? (mod p), then

(XT=Y)"| f = f(u,v) €p".

A useful observation [7, §5] is that this remains true after taking any number of
derivatives with respect to X:

Lemma 8. Let f € R[X,Y] and u,v € R. Assume that f is divisible by (X9 —Y)¥
and that v =u? (mod p). Then for every j > 0,

(D% f)(u,v) € p*.

Proof. Set g := X% —Y. We write f = ¢g*h and apply the product rule to the k
factors of g and the factor h. By hypothesis, g(u,v) € p. On the other hand, every
derivative ¢’,g”,... of g belongs to ¢R[X,Y] C pR[X,Y]. Thus, after evaluating
at (u,v), each of the k factors contributes either g(u,v) € p or a positive derivative
of g, also in p. Thus every term lies in p*. ([l

We now apply this observation to the evaluation matrix of
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Lemma 9. Fix £ € {1,...,r}. Suppose that T is closed under a — a — qeg + ey
whenever ag > q, and that z; ¢ = zZO (mod p) for everyi. Then every T x T minor
of M belongs to

pzaeTLao/QJ )

Proof. The ideal generated by the T'xT minors is unchanged by an invertible change
of basis. We may therefore use the basis f, of Lemma[7} Since f, is divisible by
(X¢ — Xp)leo/al Lemma |8 gives

(0%, fa) (i) € pleo/®

for every i,j. Thus the ath column in the new basis is divisible by pleo/4! Each
term in a T'x T determinant has one factor from each column, giving the claim. O

5. LOCAL ESTIMATES

We take R = F', where F is a local field equipped with its normalized absolute

value | -|. In the following estimates, we denote by ¢ any T' x T minor of M and by
B = max {1, |zi[}
0<0<Zr

the “local height” of the given set of points z;.
We first record some crude bounds:

Lemma 10. If F' is nonarchimedean, then

6] < prer el

Proof. Each entry in the ath column of M is an integer times a monomial of total
degree |a| — j for some j > 0. Since integers have absolute value at most one
and B > 1, each such entry has absolute value at most 5!*/. The claim follows by
expanding the determinant and applying the ultrametric inequality. O

Lemma 11. Suppose that F is archimedean, and set a, := max({1}U{ag:a € T}).
Then
‘5| < ﬂZaeT|a| (TTaZ(,]_l))[F.R] .

Proof. We write | - |g for the Euclidean absolute value, so that |- | = |- \g ]l The
determinant is a sum of 7! < T7T products, each involving one entry from each
column. Each entry in the ath column of M has magnitude

(@, X (i) < alglel/ 17
for some j < J — 1. The claim follows. O

We may improve the crude nonarchimedean bound using the Frobenius congru-
ences (Lemma [9)):

Lemma 12. Suppose that F/Fy is a finite unramified Galois extension of nonar-
chimedean local fields. Write p and p for their mazimal ideals, and o for the
arithmetic Frobenius. Fiz € € {1,...,r}. Assume that z; ¢ = 0(zi0) for all i, and
that T is closed under a — a — |pleg + e¢ whenever ag > |p|. Then

6] < BXaeT lol|p|= Lacrlao/IPl)
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Proof. Suppose first that all coordinates are integral. Then z;, = zzl-f’(l (mod p),
and Lemma [J] gives the claim with 8 = 1.

In general, since F/F; is unramified, we may choose A\ € Fy with |A] = 8. The
scaled points z;/\ are then integral, and since o(A) = A, we still have z; o/\ =

o(zi0/N). If § is the minor defined like 4, but using the scaled points, then
J = )\ZaET |a|72(i,j)eM jg’

where M is the set of rows used to define the minors. Since |A| = 8 > 1, the bound
for the scaled points implies the required bound for the original points. ([l

6. THE GLOBAL INEQUALITY

We take R = F, where F' is a global field. We denote by v a place of F' and by
| - |» the corresponding normalized absolute value. We define the global height of
the set of points z; to be

B=1]8n  Bu:= 112%1{1, |2i0l0}- (13)
v 0<e<r
We will use the following identity to pass from primes of F' to primes of Fj.

Lemma 13. Let F/Fy be a finite Galois extension of global fields of degree d, and
let C, be the conjugacy class of o € Gal(F/Fy). If Frob, = C,, then

d
> logp| = oAl |10g Ip|- (14)
plp 7
Frob, =0

Proof. We write f, for the residue degree and g, for the number of primes above p,
so that f,g, = d. The Galois group acts transitively on these primes, and the map
p — Frob, is equivariant for conjugation. Thus its fibers have equal size g,/|Cy|.
Each prime above p satisfies log |p| = f, log |p|, giving the claim.

We now combine the local estimates using the product formula.

Proposition 14. Let F/Fy be a finite Galois extension of global fields, of degree d.
Let o, ..., 0. be distinct elements of Gal(F/Fy), with conjugacy classes C1,. .., C,.
Take

zi = (ug,01(ug), ..., 00 (uy))
for some uy,...,ur € F. Let J > 1 be an integer. Retain the notation T C Z’;{Jl,

T=IT| and 7 : @,c7 RX* — R/ from ﬁ Assume that T is injective. Lett > 2
be such that ag < t for alla € T. For each £ € {1,...,r}, let Hy > 1. Assume that
for all integers ¢ > Hy, the set T is closed under a — a — qeg + ey, whenever ag > q.
Set

A {[Fo : Q) (TlogT +T(J—1)log t), for number fields, (15)

70, for function fields.
Then

1 3 (Z mJ>1og|pgb§52|a|+Am. (16)

a€T
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Proof. Since T is in iective we may choose a nonzero T' x T' minor 0. At every finite

place p, Lemma [10| gives the bound ﬁz ol Frob, = o, and |p| > Hj, then
Lemmau applied to F,/Fy p, improves this bound by the factor

|p|_ ZaeTLao/lle .

Since the o, are distinct, each prime p occurs for at most one £. At the archimedean
places, Lemma and the inequality a, < t give an additional factor of at most
exp(dAw), using here that Zv|oo[Fv : R] = d[Fp : Q] in the number field case; in
the function field case, there are no archimedean places. The product formula then
gives

1—H\6I < et 19l exp(dAg, H [T I ol Seertoostoll,

¢=1|p|=He  plp

Frob, =0y
Taking logarithms, applying Lemma and dividing by d gives the claim. [l
Corollary 15. Retain the extension F/Fy, the distinct elements o1,...,0., and

the points z; of Proposition[I4 Assume that F is a number field. Let 2 < H <,
and take

T:={a:ao+H(a1+ - +a,) <t}

For each conjugacy class C, set

l: C
w©)= HEZED = maxw(c)
Define
Z T|a’| Aoo
B:=-Z22€T " logfB 4 —>—
d ZQET Qo ZaET ao
T log |p| (17
og |p
+ |wllo 27(1 Z log |p| + Z 7l
a€T 90 i<y pr<m P
If T is injective, then
1
Z w(Frob,) o || < B. (18)
IpI<t P

Proof. We apply Proposition [14] with H, = H for all ¢, and restrict the prime sum

to H < |p| <t. Using
a
2. UJ W 2

a€T aET

we obtain the claim by dividing by > ., a0 > 0, restoring the primes below H,
and bounding each weight by ||w]|s. O

7. PROOF OF THE MAIN ESTIMATE

We state the inputs needed to prove Theorem [d] deferring their proofs to the
appendices. We then complete the proof.
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7.1. Prime sums.

Lemma 16. Let Fy be a number field of degree dy. For every real y > 2, we have

lo
3 loglpl < 2doy, > 2 Pl < dy(1ogy +2).
Ip|
[p|<y Ip|<y

where the sums run over all primes of Fy.

This estimate reduces to the case Fy = Q, where it is established in sharper
form by Rosser—Schoenfeld [14] (3.24), (3.32)]. We record a self-contained proof in

Appendix [A]

7.2. Interpolation. Let F' be a field of characteristic zero, and let ¢ be an auto-
morphism of F. Let t > 2, H > 1 and I,J > 1 be integers. Let uy,...,u; € F. We
consider (as in §3)) the map
P rxyt— >/

a+Hb<t
sending a polynomial f to its tuples of derivatives of order less than J at the points
(’U,Z', O'(Ui))Z ‘

f = ((8]Xf) (ui7 0<ui))>1§i§l,0§j<J'
Lemma 17. If the u; are distinct and
t—1 t—1
I>t—1+|—"|, J>2|—"]|+1,

] el

then T is injective.
This was established in a note of Kevin Barreto [3]. We record a proof in Ap-

pendix [B]

7.3. Points of small height. Let F' be a number field of absolute discriminant
A.

Proposition 18. Let o1,...,0, € Aut(F), and let I > 1 be an integer. There exist
distinct uy,...,ur € F such that the elements

2 = (ug, o1 (wg), . .., 0p(w;)) € FH1
have global height (see (13)) satisfying
B < IVA.

This follows (in slightly sharper form) from Blichfeldt’s theorem; see Cassels [5]
Chapter III, §3, Theorem IV]. We record an adelic proof in Appendix

7.4. A numerical estimate. Finally, we require estimates for the right-hand side

of Corollary

Lemma 19. Let F/Fy, d, dg and A be as in the introduction, and let C' C Gal(F/Fp)
be a conjugacy class. Let x > 16 be an integer satisfying
log(2zv/A)

—Ee < dyloga.
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In , taket =x,r=1, 01 € C, and

T:={(a,b) : a+ Hb < x}, H := [log z], J::2{x;11J +1. (19)

If B < 22V, then

d
We prove this estimate in Appendix

1
|C|B < ©] <logx t3 log A) + do loglog(3x) + 50d,|C|.

7.5. Completion of the proof.

Proof of Theorem [}, We must verify the inequality . Since its left-hand side is
unchanged on replacing = by |z], and its right-hand side is increasing in z, we
may assume that x is an integer. If x < 16, then Lemma gives the bound
do(log 16 + 2) < 5dy for its left-hand side, which is less than the term 50dy|C|
appearing on its right-hand side. We may thus assume that x > 16.

We may also assume that

M < dplogz. (20)

Otherwise,

C 1 C

il logx 4+ = log A | > do|C|logx — ulog2,

d 2 d

and the theorem follows from Lemma since |C| > 1 and 2dy + (|C|/d)log2 <
3do|C].

Choose o € C, and take H,J as in and I := 2. Proposition [18| gives
distinct w1, ...,u; € F for which the pairs (u;,o(u;)) have height § < 2zv/A. For
T as in (19), Lemma with ¢ = x, implies that 7 is injective. Corollary again
with ¢ =z and r = 1, now gives

lp|<z P
Frob,=C
The required bound then follows from Lemma |

8. VARIABLES AND DERIVATIVES

The proof of Theorem []is complete, modulo the inputs proved in the appendices.
We now estimate the right-hand side of Corollary more simply to explain the
choices of variables and derivatives. We first compare these choices under optimistic
interpolation assumptions, then use the actual interpolation bound to give a softer
proof of a weaker bound.

We take F' to be a number field and write do := [Fp : Q).
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8.1. Estimating B. In this section, we regard r as fixed — any implied constants
may depend upon it.

Lemma 20. Letr > 1 and 2 < H <t. For
T::{aGZT;Ol:a0+H(a1+-~-+ar)<t},

we have
trJr 1 tr+2 r+2

T= Zaox?, o> ax ﬁ (21)

a€T a€T (=1

Proof. The set T is contained in the rectangle given by 0 < ag < tand 0 < ay < t/H
for £ > 1, and contains the rectangle given by

0<ap<t/2, 0<ar<t/(2rH) (1<£¢<r).

Counting the integer points in these rectangles and summing ag gives the first two
estimates. For the last, we use > ,_;a; < t/H on 7 and the upper bound for

T. O
Lemma 21. With the notation of Corollary[15, we have
14+ 0O(1/H
< O vy 5+ dyfjuf oz 7
! (J - 1)logt (22)
+O(d0 (1+t ))
All implied constants depend only on r and are effective.
Proof. By Lemma
a T 1
MZlﬂ-O(l/H), —_—< -
ZaGT Qo ZCLET @o t
Since log T' < logt, the archimedean term satisfies
Aso logt+ (J —1)logt
< dg ogt+( )log .
ZaET ao t
Lemma [16| bounds the remaining terms by
O(do) + dol|w|oc (log H + 2).
Using logt/t < 1 and ||w||s < 1 gives the claim. O

8.2. Optimistic interpolation. For any I, Proposition [[§supplies distinct points
u; € F for which (u;,01(u;),...,0.-(u;)) have height § < IVA. The remaining
question is whether the evaluation map 7 is injective. Its matrix has 7' columns
and IJ rows, so injectivity requires I.J > T. We first ask what bound we would
obtain if this necessary condition were sufficient up to a fixed factor. Below, we
first estimate B in this range (Proposition and then apply the resulting estimate
when 7 is injective (Corollary . We restrict to J < t because our polynomials
have degree less than t in Xj.

Proposition 22. Let the setting of Corollary vary with an integral parameter
t — oco. Suppose that, for some K > 1,

IJ < KT, B <IVA, 2<H<t 1<J<t (23)
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Assume that r,d, dy, K remain bounded and that

H — oo, J =o(t), log A = o(log t). (24)
If moreover
log H = o(logt) and J = t'7°M) for some 0 <6 <1, (25)
then
B < <7T9 + 0(1)) logt + 271d log A. (26)

Proof. By the upper bounds on IJ and (, and Lemma we have
KTVA 1WA
g% TH

Substituting into Lemma [21] gives
_1+oq/H), VA

< i log g + do||w]| o log H

o (1 =),

This estimate holds for finite ¢, with effective implied constants depending only on
r, K.
Under and , we have

10gﬁ < log + OT’K(]‘)

B
(27)

tr VA 1
log———— = 1-0)1 —log A 1 .
8 —frr 7 (r+ 0) ogt—&—2 og A + o(logt)
The error terms in (27) are o(logt), giving (26)). O

Corollary 23. In the setting of Proposition[23, suppose that T is injective. Then

o 1cd 2=, Il d 2d
Frob,=C,
Proof. Combine Corollary [I5] with Proposition 22 O

We give examples to illustrate the range of parameters and the resulting bounds.
Each of these should be understood as conditional on the injectivity of 7 in the
“optimistic” range of parameters specified in Proposition 22

Example 24. Let F := Q(+/D) be a quadratic field and let ¢ denote its nontrivial
automorphism. We have d = 2. Take r := 1 and J := 1 (thus 6 = 0); this amounts
to working with the determinants in two variables without derivatives. Then

([28) specializes to
1 2
Z 8P _ ( + 0(1)> logt,
p 2
p<t
Xxp(p)=-1

which fails to improve upon the trivial bound.
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Example 25. Let F := Q(v/D, v/2) with Q(v/D) # Q(+/2) be a biquadratic exten-
sion of Q, with Galois group G = (Z/2Z)?. We have d = 4. Take r := 2 and J := 1
(thus @ = 0); this amounts to working with the determinants in three variables
without derivatives, as in OpenAD’s original paper [12]. Let o1 and o2 denote the
two automorphisms that restrict to the nontrivial automorphism of Q(v/D). Ob-
serve that if p is unramified in F' and xp(p) = —1, then Frob, € {o1,02}. Under
the hypotheses of Corollary 23] we obtain from

o lero oy 10gp+0(1)§<i+o(1)>logt7

p<t p p<t p
xp(p)=-1 Frob,€{o1,02}

which improves upon the trivial bound. We note that OpenAlI’s original argument
establishes surjectivity rather than injectivity of the evaluation map 7 with J =1,
giving nonzero minors of size I x I rather than T x T.

Example 26. Choose an auxiliary finite set pi,...,pr of fundamental discrimi-
nants. Assume that D, pi,...,p, are independent in Q% /Q*2. Take

F=Q(WD,\/p1, s /Pr),

with Galois group G 2 (Z/2Z)k*!. Then d = 2**1. Take r := 2* and J := 1 (thus
0 =0), and let 01,...,0, denote the automorphisms that restrict to the nontrivial
automorphism of Q(\/E) Under the same interpolation assumptions, gives,

for each fixed k,
log p 2k +1
Z < ( ST +0(1) ) logt.

p<t p
Xp(p)=-1

Note that the coefficient of logt approaches 1/2 as k — oo.

8.3. A qualitative bound. We now take r := 1 and J =< t/H, corresponding to
the determinants (11]) in two variables, as in [7]. In that setting, Lemma |17 gives
the injectivity of 7 in the required range, and we obtain the following qualitative
form of Theorem [l

Theorem 27. Let F/Fy, d, dg and A be as in the introduction, and let C' C
Gal(F/Fy) be a conjugacy class. For every e > 0 and every real t > 2, we have

1 1 1
_ 3 Pl 1 g (/A + Oy (1), (29)
C] [p] d
Ip|<t
Frob,=C

with an effective implied constant depending only on €,d, dy.

Proof. We may assume that ¢ is an integer. Choose 0 € C, and let H > 2 be
an integer to be chosen in terms of €,d,dy. For ¢ < H, the result follows from
Lemma [I6] so assume that ¢ > H.

By Proposition |18, we can choose I := 2t distinct points u; € F' such that the
pairs (u;,o(u;)) have height 8 < 2tv/A. Take

T :={(a,b) : a+ Hb < t}, J:2VHlJ+L
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so that by Lemma 7 is injective. Since J — 1 < 2t/H, Corollary and
Lemma [21] with r = 1 and |||« = 1/|C|, give

1 loglp| _ (1 1+ ddy
= (! |
|C pz;t = \a +0 ¥i% log(tVA) + O(do(1 + log H))

Frob,=C

Here we have used that logt < 1og(t\/Z). Taking H large enough in terms of €, d, dy
gives the claim. O

Taking d = 2, dyp = 1 and € = 1/2 in Theorem [27| gives the saving required by
Lemma[2l Thus the softer estimates of this section also suffice to exclude Landau—
Siegel zeros.

APPENDIX A. PRIME SUMS
Proof of Lemma[16 We first take Fy = Q and write

IN) =Y logp,  M(N):=Y logp.

p<N p<n P

We claim that ¢(N) < 2N for every integer N > 1. Indeed, primes in (m,2m)]
divide (27:?)7 while primes in (m + 1,2m + 1] divide (2”7?1). Thus

2
9(2m) — Id(m) < log ( m) < 2mlog2,
m

I2m+1) —d(m+1) <log <2m+1

) < 2mlog2.
For the last inequality, we use that the two middle coefficients of (1 + 1)?™*+1 are
equal. Since log2 < 1, induction from ¥(1) = 0 gives the claim.

We estimate M(N) via an argument in the spirit of the determinant method
applied elsewhere in these notes, observed by Pascadi [13] and Tao [I6]. For N > 2
consider the Vandermonde determinant

Vn = det(ua)lguSN,ogme = H (j —1).
1<i<j<N
For each prime p, the polynomials
X XP = X)*, k= a/p)

give a basis for the space @ .,y ZX? of polynomials of degree less than N. The
change of basis is triangular with ones on the diagonal, so it leaves Vy unchanged.
Since u? — u is divisible by p for every integer u, the ath column is now divisible
by ple/Pl. Writing N = mp + r with 0 < r < p, we obtain

ord,(Vn) > Z

a=0

= {aJ N2 N r(p-r) - N N
) R —— .

Comparing divisibility and size gives
N2 N N(N -1)

TM(N)*EWN) <logVy <
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Consequently,

1 I(N
M(N) < <1 — N) log N + % <log N + 2.
Taking N = |y] proves both bounds for real y > 2.

For general Fy, write |p| = ¢/» when p | £, and use pr fp < do. The contribution
above ¢ to the first sum is at most dylog?, and that to the second is at most
dolog /¢, so we reduce to the bounds over Q. O

APPENDIX B. INTERPOLATION

We return to two variables X,Y and points (u;,v;). Take R = F, where F is a
field of characteristic zero. For integers r, s > 0, set

Trs = {(a,b) € ZQZO ta<r b<s},
and take 7 = 7, ;. We record a criterion for the injectivity of

T P Fxyt— Y
0<a<r
0<b<s
Proposition 28. Suppose that the u; are pairwise distinct and that the v; are
pairwise distinct. If
I>r+s, J>2s+1, (30)

then T is injective.

We use the Wronskian argument of Barreto [3, proof of Theorem 1], also used
by Kominers 10}, proof of Theorem 1].

Proof. Suppose that a nonzero polynomial P € F[X,Y] of X-degree at most r
and Y-degree at most s lies in the kernel of 7. In other words, each specialization
P;(X) := P(X,v;) vanishes to order at least J at w;.

At most s of the specializations P; are identically zero. Indeed, write P =
Y €a(Y)X* and choose a nonzero coefficient ¢,. Since degc, < s, it has at most
s roots. Since the v; are distinct, there are at most s indices 4 for which ¢, (v;) = 0.
For the remaining indices i, we have ¢, (v;) # 0, hence P; # 0, as required.

We now write P = Y ;_ f,(X)Y? and let W C F[X] denote the span of the
coefficients f,. Write ¢ := dimp W, so that

1<l(<s+1. (31)

Each P; belongs to W, and each element of W has degree at most 7.
Choose a basis g1,...,g¢ of W, and form its Wronskian

W(X) := det (9% g5 (X))

For example, when ¢ = 3,

0<j<t, 1<b<e’

91(X)  g2(X)  g3(X)
W(X) =det | g1(X) g5(X) g5(X)
9/(X) g5(X) g5(X)

. Changing the basis multiplies W by a nonzero constant. We observe that

W#0,  degW=> d— (5) < . (32)
b

IS N
IWSWw
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Indeed, by canceling leading terms, we may choose the g, monic with strictly in-
creasing degrees dy < --- < dy. The coefficient of degree ), dj, — (g) in W is

det(dy(dy — 1) (dp —J + 1)) s 1y = [T — da).
a<b

Since F' has characteristic zero, this product is nonzero, so it is the leading coefficient

of W, giving .
Now fix ¢ with P; # 0, and extend P; to a basis of W. The Wronskian in this
new basis contains the column
P
Ox P;

o P
Each entry in that column is divisible by (X — u;)”~“*!. The same divisibility

holds for the new Wronskian, hence also for W. Since the u; are distinct and at
least I — s of the P; are nonzero, we obtain

degW > (I —s)(J—L+1).
Our hypotheses and give
I—s>r, J—04+1>25+2—-4>1,
so we obtain deg W > r/, giving the required contradiction to . O

Proof of Lemma[I7 We must verify the hypotheses of Proposition [28] The points
v; = o(u;) are distinct. For (a,b) € T, we have a < t and Hb < ¢, hence

a<r:=t-—1, b<s:=|(t—-1)/H]|. (33)

Thus the domain of 7 is contained in the span of the monomials with X-degree
at most r and Y-degree at most s. The assumed bounds on I and J give (30)), so
Proposition 28 applies. O

APPENDIX C. POINTS OF SMALL HEIGHT

We record a proof of Proposition

C.1. Haar measures. Let F be a global field, and let A denote its adele ring. We
equip A with product Haar measure p := [], jty, normalized as follows:

e at finite places, p, assigns volume one to the ring of integers;
e at real places, yu, is Lebesgue measure;
e at complex places, u, is twice the Euclidean area.

On A/F, we use the quotient measure induced by p and counting measure on F'.
When F is a number field, we continue to write A := | disc F'|. When F is a function
field with constant field F of cardinality ¢, we set

g = dlm[ﬁ‘ A/ <F+ HO’U> ) A= q29*2'

Lemma 29. We have
w(A/F) = VA.
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Proof. For number fields, see Weil [19, §2.1.3]. For function fields, ¥ 0[], 0, =T,
so the image of [[, 0, in A/F has measure 1/q. Its index is ¢9, giving total volume
g9 L. ([l

We denote the probability Haar measure on A/F by dt.

C.2. Averaging.

Lemma 30. For every compact measurable subset Q2 C A, we have

D)
/A/F#((t+ﬂ)mF)dt_ N

Proof. Call the left-hand side v(€2). It defines a Haar measure v on A, so the two
sides are proportional. To compute the constant of proportionality, we take € to
be a measurable fundamental domain for A/F. The integrand on the left-hand side
is then identically one, so v(€2) = 1. We conclude using Lemma 29} O

C.3. Producing points of small height.

Lemma 31. Let I > 1 be an integer. For each place v, choose B, > 0, with B, =1
at almost all places and B, € |F)*|, at each place. If

[[B.>1va,

then there is a subset {uy,...ur} C F of cardinality I such that
luily < By
for all i and v.
Proof. At finite places, set , = {z € F, : |z], < B,}. At real places, set

Q, = [0, By]. At complex places, let 2, be a square of side /B, /2. These choices
satisfy

po(Qy) = By, Q, —Q, C{z€F,:|z|, < B,}.
Thus Q :=[], ©, is compact and u(Q2) = [[, B,. By Lemma we have

1($2)
#((t+QNF)dt =" > 1
/A/F ( ) VA
Thus some translate t + () contains I distinct elements x1,...,x; of F. The differ-
ences u; := x; — x1 lie in F'N(Q — Q) and satisfy the required bounds. O

Remark 32. Over number fields, using disks instead of squares at the complex
places improves the factor v/A in the hypothesis of Lemmato (2/7)"2/A, where
ro is the number of complex places.

Proof of Proposition[18 We set H := (I/A)YF@ and apply Lemma [31| with

1, v {00,
Bo:= {H[F“:R], v | oo.

These radii are at least one and have product Iv/A. They are preserved by every
automorphism of F: if ov is the transported place, characterized by |oa|sy = |y,
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then B,, = B,. The resulting u; are integral at all finite places, and every conjugate
has Euclidean modulus at most H. The same bounds hold for each oy(u;), so

B<][B.=1VA.

APPENDIX D. COMPARISON WITH BOMBIERI-STEPANOV

The “small points” estimate (Lemma, and the product formula employed in
are also relevant for the Bombieri-Stepanov method [4] for proving the Riemann
hypothesis for curves over finite fields. We give a brief sketch of that argument.

Let F' be a global function field, thus F' is the field of rational functions on a
curve C over a finite field F of some cardinality q. We always assume that F is
the full constant field of . We retain the notation A and A = ¢?972 from the
preceding appendix. We assume that F' has a place co of degree one, which can be
arranged after passing to a finite extension of F. Take

Ri=Fn [[on, Re:={fecR:ordu(f)>—0} (£>0).
vF#00
The R, are finite-dimensional F-vector spaces. They are special cases of the sets
considered in the proof of Lemma [31]
We have Ry = F. By considering the leading coefficient at co, whose residue
field is F, we see that
0 § dim]p Rg+1 - dlm]F Rg § 1.

In particular, dim Ry < £+ 1, and we may choose bases of the R, with distinct pole
orders at oo.
For £ > g — 1, we apply Lemma, [31] with
I:=qg't9, By :=¢', B,:=1 (v# ).
Since [[, By, = IVA, the lemma supplies ¢/T1=9 distinct elements of R,. As Ry is
an F-vector space, we obtain the Riemann—Roch estimate
{+1—g<dimpR;, </{+1. (34)

The lower bound is automatic for £ < g — 1.
For m > 1, write

N, = Z deg v, degv := [0,/p, : F].
degv|m

This is the number of points over F,m on C. For a place p of F, write |p| = gi°&?
for its absolute norm. If a nonzero f € Ry vanishes at every place p # oo with
degp | m, then the product formula gives

(N —1)logq < > ordy(f)log[p| = log| floc < Llogg. (35)
poo
Thus N,, < L + 1. The equality in is the analogue of , while comparisons
like are analogous to @

Proposition 33. For even m > 2, we have

N < ¢™ + Op(g™?).
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Proof. Write Q := ¢"™/2. Let (1,05 > 0 be integers with ¢; < Q. Choose bases {z;}
of Ry, and {y;} of Ry, with distinct pole orders at oo.
Suppose we can find coeflicients ¢;; € F, not all zero, such that

f = Z Cij.lfiQyj =0.
,J
For such coefficients, we set
f = ZCM.’EzyJQ S Rg1+Q[2.
,J
The pole orders at oo of the ac,y]Q are distinct: those of the x; lie in [0,¢1] C [0, Q),

while those of the yJQ are distinct multiples of Q). Since the coefficients are not all
zero, we have f # 0.

Now, for each place v # oo with degv | m, we have u? = (mod p,) for all
u € R (an analogue of the Frobenius condition employed in the rest of this note).
Since also cg = ¢;; (a condition involving the field of constants F, which admits no
obvious analogue in the number field setting), we obtain

o= Zcijx?yj =f=0 (modp,).
i.J

Hence f vanishes at all the required places, and the product formula gives
Np <140+ Qfs.

It remains to find the coefficients ¢;;. The map (c;5) — ftakes values in R, +¢,,
so in view of the dimension estimates , it has a nonzero kernel provided that

(lLi+1-g)(la+1-9g)> Qb+l +1,
assuming ¢1,fy > g — 1. Take
b =Q—1, ly = Q + 2g.
For sufficiently large @, the required inequality holds, since

Q-9 Q+g+1)—(Q*+29+1)=Q—g*—39—1>0.

We conclude that N,, < Q% + (2g + 1)@ for m large enough. For small m, we
conclude via trivial estimation. (]

For the Galois argument that passes from these upper bounds to the Riemann
hypothesis, see Bombieri [4], §IIT].

Remark 34. The above argument is similar to that of the rest of this note in the
use of the product formula, the existence of points of small height, and a Frobenius
condition to detect certain primes (here those whose degree divides m, elsewhere
those whose Frobenius is some given automorphism o). The arguments differ in how
the elements fed into the product formula are constructed: in Bombieri—Stepanov,
they are nonzero elements of the kernel of a linear map defined over the constant
field F, while in the rest of the note, they are nonzero determinantal minors of an
injective map defined using auxiliary polynomials. The Bombieri—Stepanov argu-
ment also uses the exact additivity (3 a;;)% = Zag, which has no analogue in
the number field setting.
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APPENDIX E. EXPLICIT ESTIMATES

We now prove Lemma The estimates recorded here were done in “one shot”
by Codex (GPT-6.1 Sol on “Low” reasoning effort) after we asked it to use Corol-
lary [I5] to prove any completely effective estimate in the setting of Theorem [

E.1. Monomial sums.
Lemma 35. Let x> 6 and 1 < H < x/2 be integers, and take
T :={(a,b) :a+ Hb < x}.

Then
i SYESSS
T< — a>—, b< — a.
H’ = 8H = H <
Proof. For each integer b with 0 < b < |(x — 1)/H], the possible values of a are
0,...,z — Hb — 1. Comparing the resulting sums with integrals gives
[(z—1)/H] 1’2 IQ
T= _Hb) <+ — du=a2+-——
; (x z+ / udu =z + 2H 7
and
S “’”‘z”:”“ (« — Hb)(x — Hb— 1)
B 2
T b=0
x _ _ 3
Zi u(u l)du: x3 — 3z —|—1_a:
HJ), — 2 12H 8SH'

Here the first comparison uses that u is increasing, and the second uses that u(u —
1)/2 is increasing and nonnegative for u > 1. The last inequality holds for z > 6.
Finally, b < z/H for every (a,b) € T, so

Srsg e

T

& \

E.2. Dependence on H.

Proposition 36. Retain the notation of Lemmal[I9, but allow any integer 2 < H <
x/2, still taking J =2|(x —1)/H]| 4+ 1. Then

log(2zv A
IC|B < g‘ log(22vA) + <! < og( zf) + 2d, log:z:) + dolog H + 21d,|C.
Proof. Since r =1 and ||w|lec = 1/|C| the definition gives
b Ao
d ZT Yora

Z log |p| + Z 10|gp||p.

|p|<1 lp|<H

ogf+ —=—

We estimate these four terms in order.
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By Lemma [35] the height term is at most

% (1 + Z) log(22VA).

Next, the same lemma gives T/ ,a < 8/x. Using the definition of Ay,
together with 7' < 22 and J + 1 < 22/H + 2, we find

|C|Ass _ 8do|C]
<

Yra T @
< 16do|C| (

(logT + (J — 1) log x)

logz logx

)
< 16dy|C| log =
- H

Here we used that 16logx/x < log16 < 3 for x > 16. Finally, Lemma gives

+3do|C.

T
_ 1 < 16dp.
S > log|p| < 16do
Ip|<=z
The omitted primes with |p| < H contribute at most do(log H+2), again by Lemma
Combining these bounds and using |C| > 1 proves the claim. O
E.3. Choosing H.
Proof of Lemma[I9 Take
H := [log x].

Then 2 < H < z/2, and the hypothesis of the lemma gives

8|C] <log(2m\/z)

log
H

< 24dy|C].

i p) + 2dg log :v) < 24d,|C|

Moreover, H < logz + 1 < log(3z), so log H < loglog(3x). Proposition |36 now
gives

C 1
|C|B < %l <logm + 3 log A) + dg loglog(3x)

C
+ % log 2 + 45dy|C|.
Since |C|/d < dp|C| and 45 + log 2 < 50, this proves the lemma. O

APPENDIX F. EXCLUDING REAL ZEROS

We now prove Lemma [2] following some auxiliary lemmas. Let x be a primitive
real nonprincipal character of conductor ¢q. The idea is that a zero of L(s, x) very
close to 1 forces almost all the logarithmic prime mass onto x(p) = —1, but the
hypothesis bounds that mass by a fixed proportion £ < 1. In what follows, all
implied constants are absolute and effective.

We first record the two facts about L-functions that we need. Write £ := log(2q).

Lemma 37. Let 1 < s < 2. We have

¢y 1
72(3)75—1

+0(1).
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If L(s, x) has a real zero g € (0,1), then
r 1
= < - .
L(’S?X)— S_/B+O(‘c)
Proof. The first estimate follows from the fact that ¢ has a simple pole at s = 1. As
for the second estimate, the partial fraction expansion of L'/L [0, §12, (17)—(18)]
gives

Fisn=- 1 1 Liogg+ o)
AR i Drey 5 logg :

where p runs over the nontrivial zeros with multiplicity and the sum is performed
symmetrically, grouping the zeros p into conjugate pairs. For each such p, we have
%ﬁ > 0 for s in the indicated range, so taking real parts and dropping all terms
but one p = 3 gives the required estimate. O

Lemma 38. For Rs > 1, we have

! > 1 1
“HW=Y T =B o)
¢ =5 ~ D

and

_%(va) _ iz x(p)*logp > x(p;iogp o).

ks
k=1 p p

Proof. These estimates follow from the Euler product expansions of ¢ and L(s, x),

together with the fact that 37,5, ", lc;gkp converges. O

Lemma 39. If L(s,x) has a real zero B € (0,1), then for 1 < s <2,

logp _ 1 1 1
> = .
> = —2(3_1+s_/3)+0(£)

pix(p)=-1

Proof. Away from primes dividing ¢, we have 1,,y—_1 = (1 —x(p))/2. The primes

dividing ¢ contribute O(L), so after some rearrangement, we deduce from Lemma

that | . % B
ogp
(S = 0(L).
> B2 (-E0+ ) + 0
pix(p)=-1
The desired estimate then follows from Lemma O

We now complete the proof of Lemma Suppose L(s,x) has a real zero 8 €
(0,1). Take R > 1. Applying Lemma with s := 1+ 1/R and multiplying by 1/R

gives

1 log p log p 1 1
Pri=% xp [ — >-(1+—— ) -CL/R
"R p ep( R )~ 2 1+ R(1-0) cL/

pix(p)=-1

for some absolute effective constant C. With the notation

S(t) := Z 10gp7

p
x(p)=-1
log p<t

our hypothesis reads
S(t) < Kt + BL.
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We see using the identities

e ¥ = / e tdt, / e tdt =1, / te tdt =1
T 0 0

PR:/ e‘t@dtg/ e '(kt+ BL/R) dt =k + BL/R.
0 0

that

Combining the lower and upper bounds for Pg gives

1

1
2<1+1+R(1_5)>—C»€/RSPRSI€+B£/R. (37)

This implies that £(1 — 8) > ¢ for some absolute effective ¢ > 0. Informally,
suppose L£(1 — /) is small, so that £ is much smaller than 1/(1 — 8). We may then
choose a scale R, intermediate between £ and 1/(1 — ), so that both £/R and
R(1 — B) are small. The two sides of are then arbitrarily close to 1 and &,
respectively, contradicting our assumption that x < 1.

To carry out this last argument effectively, write 6 := 1 — g and D := B + C.
The bound rearranges to

L=<y +DL/R

Ro
1+ R6)
Take R :=+/L/§. Then Ré and L/R are both equal to v L4, so we obtain
1-rk<VL(3+ D),

11—k 2
LO>c:= T ,
§+D
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