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Abstract. Lectures at CIRM by Abhishek Saha and Ralf Schmidt. Septem-

ber 6–7, 2024.

Exercises linked at https://sites.google.com/view/samuele-anni/home/research-school-building-bridges.

1. Lecture 1, Schmidt

1.1. Classical modular forms. Let’s start with the definition of a classical mod-
ular form. A modular form is a function f : H→ C that has certain properties:

• f is holomorphic.

• For

[
a b
c d

]
∈ Γ, we have

f

(
aτ + b

cτ + d

)
= (cτ + d)−kf(τ). (1)

• f is holomorphic at the cusps. This condition is expressed in terms of
Fourier expansions, and if you have more than one cusp, it’s actually kind of
complicated to write down – you have to write down the Fourier expansion
at each cusp, you have to write down the width of the cusp (which is a bit
painful to do).

1.2. Passage to the group setting. Does anyone here think this definition is
natural? It might not seem that way the first time you see it. The domain H seems
a bit arbitrary, there’s a mysterious factor in (1) involving a random number called
the weight, and the “holomorphy at cusps” condition isn’t even so simple to write
down. Unless you’re motivated by why these functions should show up, this is a
crazy definition. We’ll try to demystify it a bit.

Let’s start with the domain, H, which is actually what you call a homogeneous
space: there is a bijection

SL(2,R)/SO(2)
∼=−→ H,

where

SO(2) =

{
r(θ) :=

[
cos θ sin θ
− sin θ cos θ

]
: θ ∈ R/2πZ

}
∼= R/2πZ ∼= S1.

The map in question is given by[
a b
c d

]
7→ ai+ b

ci+ d
.
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This is the orbit map for the transitive action of SL(2,R) on H, and it’s a bijection
because the stabilizer of i is SO(2), by the orbit-stabilizer theorem. This gives a
clue: whenever you have a function on the upper half-plane, you can pull it back
to make it a function on the group SL(2,R), and groups are nice.

We’re going to pull back f not in the most obvious way, but as follows. We’re
going to construct a new function

ϕ : SL(2,R)→ C,

ϕ(g) := (f |kg)(i),
where we recall that the weight k slash operator is defined as in the modularity
relation, by

(f |kg)(τ) = (cτ + d)−kf

(
aτ + b

cτ + d

)
.

So we do this, and get some functions on the group. Let’s think about some
properties of these functions. First of all,

ϕ(γg) = ϕ(g) for all γ ∈ Γ, (2)

because f is modular. Next,

ϕ(gr(θ)) = ((f |g)|r(θ))(i) = (−i sin θ + cos θ)−k(f |g)(i) = eikθϕ(g). (3)

This defines a bijection between functions f satisfying the modularity property (1)
and ϕ satisfying each of the above properties (2) and (3).

The holomorphy property translates to

Lϕ = 0, (4)

where L is the lowering operator in the complexified Lie algebra of G.
Let’s define the norm ∥∥∥∥[a b

c d

]∥∥∥∥ =
√

a2 + b2 + c2 + d2.

“Holomorphic at the cusps” translates into a growth condition that is much nicer
to formulate:

|ϕ(g)| ≤ c∥g∥n. (5)

These conditions characterize the ϕ coming from f as above.
One could argue that the properties (2), (3), (4) and (5) are simpler and more

natural than the earlier functions given in terms of f . Writing the definition down
in this way also opens the way for generalizations, replacing SL(2,R) with other
groups.

1.3. Passage to the adeles. We would also like to “factorize” modular forms over
the primes, much like we factor integers as products of primes. We would like to
bring the number theory out more. There’s an ingenious gadget, called the adele
ring A, that we’ll define. It will have the property that Q is a discrete subring of
A, analogous to Z ↪→ R. We also get a discrete subgroup

GL(2,Q) ⊆ GL(2,A),

like SL(2,Z) inside SL(2,R).
We’re going to use f (or ϕ) to define a function

Φ : GL(2,A)→ C.



BASIC CONCEPTS IN AUTOMORPHIC FORMS 3

This will satisfy Φ(γg) = Φ(g) for all γ ∈ GL(2,Q), together with some regularity
conditions. Hecke operators will become much more natural objects when described
in terms of Φ.

Automorphic theory may be understood as Fourier analysis on group quotients
like SL(2,Z)\ SL(2,R), generalizing Fourier theory on Z\R. We can more gener-
ally considering quotients G(Q)\G(A), where Fourier theory now incorporates the
number-theoretic.

Remark 1. Dieudonne reportedly said that there were two main innovations in
number theory: the invention of groups, and the invention of adeles. These com-
ments apply to the passage from f to ϕ and then to Φ.

We need to discuss the p-adic numbers. The p-adic norm is given by

|·|p : Q→ R≥0,

|0|p = 0,
∣∣∣ n
m
pα
∣∣∣ = p−α.

It is an absolute value in the sense that it satisfies the properties

• |x|p ≥ 0, |x|p = 0 ⇐⇒ x = 0,
• |xy|p = |x|p · |y|p,
• the triangle inequality |x + y|p ≤ |x|p + |y|p, and in fact, the ultrametric
inequality |x+ y|p ≤ max (|x|p, |y|p).

Theorem 2 (Ostrowski). The equivalence classes of (nontrivial) absolute values
on Q are represented by

• |·|p, p prime, and
• |·|∞, the usual absolute value.

Whenever you have an absolute value, you can complete the field. The field Qp

is defined to be the completion of Q with respect to |·|p.
There’s a distinguished subring

Zp = {x ∈ Qp : |x|p ≤ 1} .

It’s both open and closed. In particular, Qp is locally compact, so we can integrate
over it, together with its multiplicative group Q∗

p, with respect to Haar measures:∫
Qp

f(x) dx,

∫
Q∗

p

f(x)
dx

|x|p
.

The adele ring is defined to be the subring of the direct product R×Q2 ×Q3 ×
Q5 × · · · given by

A := {(xp)p≤∞ : xp ∈ Zp for almost all p} =
′∏

p≤∞

(Qp : Zp).

The topology on A is generated by∏
p∈S

Up

×
∏

p/∈S

Zp

 ,
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where S is a finite set of places containing ∞ and each Up is open in Qp. Then A
turns out to be a locally compact topological ring, so we can define integrals such
as ∫

A
f(x) dx.

We embed Q ↪→ A diagonally:

x 7→ (x, x, . . . ).

Lemma 3. A set of representatives for Q\A is

[0, 1)×
∏
p<∞

Zp.

This is analogous to how, when you look at Z\R, a set of representatives is [0, 1).
We need a multiplicative version of this, called the group of ideles

A× =

′∏
p≤∞

(
Q×

p : Z×
p

)
.

(“Ideles” were defined before adeles, by Chevallay. The name was inspired by “ideal
elements”. Then “adeles”, coined by Weil, stands for “additive ideles”.)

Let G be a reductive algebraic group over Q, such as GL(n), SL(n), Sp(2n),
SO(n). We can then form

G(A) =
′∏

p≤∞

(G(Qp) : G(Zp)) ,

a locally compact topological group. We often consider functions on G(A) that
factor as products of functions on G(Qp). The automorphic forms that we consider
will not have this property, but the representation that they generate do.

1.4. The definition of automorphic forms. An automorphic form on G(A) is
a continuous function G(A)→ C with the following properties:

(i) Φ(γg) = Φ(g), γ ∈ G(Q),
(ii) there exists an open compact subgroup Kfin of G(Afin) such that Φ(gκ) =

Φ(g), for all κ ∈ Kfin, and
(iii) Φ is K∞-finite.
(iv) The function G(R)→ C, h 7→ Φ(hg) is smooth for any g ∈ G(A).
(v) Φ is Z(gC)-finite.
(vi) The function G(R)→ C, h 7→ Φ(hg) is slowly increasing for any g ∈ G(A).
This is the definition given in the paper by Borel and Jacquet, appearing in the
famous Corvallis proceedings..

Let’s elaborate on some of the above.
K∞ is some maximal compact subgroup of G(R). The K∞-finiteness condition

says that

dim ⟨Φ(•g), g ∈ K∞⟩ <∞.

By comparison, we had previously considered functions ϕ : SL(2,R)→ C satisfying
ϕ(gr(θ)) = eikθϕ(g), for which this span is one-dimensional.

Z(gC) is the center of the universal enveloping algebra U(gC) of the complexified
Lie algebra. Each of these acts on the space of smooth functions onG(R). The claim
is that when you act by the center, the space that you get is finite-dimensional. The
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condition is similar to satisfying a differential equation, much like how holomorphic
modular forms satisfy the Cauchy–Riemann equations.

Let G = SL(2), g = LieG(R), thus

g =

{[
a b
c −a

]
: a, b, c ∈ R

}
.

For X ∈ g and ϕ : G(R)→ C smooth, we define

(Xϕ)(g) :=
d

dt
|t=0ϕ(g exp(tX)).

The complexified Lie algebra gC acts by linearity. The algebra U(gC) acts by com-
position. A basis for gC is given by

H = −i
[
0 1
−1 0

]
,

R = 1
2

[
1 i
i −1

]
,

L = 1
2

[
1 −i
−i −1

]
,

and we then have

U(gC) = ⊕j,k,ℓ≥0CHiRℓLk.

Theorem 4. We have

Z(gC) = C[∆],

where

∆ = −1
4

(
H2 + 2RL+ 2LR

)
.

Thus in this case, the Z(gC)-finiteness condition says that when we act repeatedly
by ∆, we get a finite-dimensional space. A typical example where this happens is
when ∆ϕ = λϕ for some λ ∈ C. Then (∆−λ)ϕ = 0, so the ideal (∆−λ) annihilates
ϕ, hence

Z(gC)ϕ ∼= C[∆]/(∆− λ) ∼= C,

which is finite-dimensional. More generally, condition (v) means that ϕ is annihi-
lated by f(∆) for some polynomial 0 ̸= f ∈ C[x].

So, that was the official definition of automorphic forms.

2. Lecture 2, Saha

2.1. Plan and recap. Our goal today is to carry on from what Ralf did, focusing
on some basic cases of automorphic forms to explain a bit classically what they
look like and how they fit with objects you’re more familiar with.

In the previous lecture, you’ve seen the definition of an automorphic form. We
worked mostly over Q, but one can work more generally over any number field
F , with any reductive group G over F . We write AG/F for the space of such
automorphic forms. Today we’ll mostly work with F = Q and write AG := AG/Q.
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2.2. Central character. These are finite under the adelic points ZG(A) of the
center ZG of G. We can break it up into spaces on which the center acts by a
character. By linearity, there is thus not much loss in generality in considering
automorphic forms with a given central character.

Given a character χ of ZG(Q)\ZG(A), we define AG(χ) to be the space of all
f ∈ AG such that

f(gz) = χ(z)f(g)

for all z ∈ ZG(A).

2.3. Automorphic representations of GL1. Today we discuss what happens if
G = GL1 and F = Q.

Note that GL1 is abelian, thus automorphic forms on GL1 with central character
are just characters of Q×\A×, i.e., continuous homomorphisms to C×.

Exercise 1. Any character of Q×\A× is of the form

χ′ = χ · |·|sA
for some s ∈ C, where χ is of finite order.

Here the adelic absolute value |·|A is obtained by multiplying the local absolute
values |·|v over the components of A× =

∏′
v Q×

v . Easy to see that this takes the
value 1 on elements of Q×.

Let’s recall that a Dirichlet character modulo N is a character of (Z/NZ)×,
which we often think of as an N -periodic function on Z, vanishing on elements
having a common factor with N .

Suppose you have two integers N1, N such that N1 | N . Then there is a natural
map

(Z/NZ)× → (Z/N1Z)×.
So Dirichlet characters modulo N1 are also Dirichlet characters modulo N .

The Dirichlet characters modulo N that don’t arise this way, for any N1, are
called primitive (modulo N).

Remark 5. The number of Dirichlet characters modulo N is

φ(N) = N
∏
p|N

(
1− 1

p

)
,

the number of primitive Dirichlet characters is

N
∏
p|N
p2∤N

(
1− 2

p

) ∏
p2|N

(
1− 1

p

)2

.

Goal: given a finite order character χ of Q×\A×, construct primitive Dirichlet
character χ̃ modulo C(χ).

Step one: construction of χ̃. Write χ =
∏

v χv, where χv : Q×
v → S1 is finite

order. This forces χ∞ to be the sign character. Also, by continuity, χp|Z×
p
= 1 for

almost all p (unramified primes); the remaining finitely-many primes p are called
ramified.

Claim 1. Let p be a ramified prime. Then χp|1+pnZp = 1 for all sufficiently large
n.
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Proof. Let U be a small open neighborhood of the identity element of S1, small
enough that it contains no nontrivial subgroup of S1. By continuity of χp, we can
find n such that χp maps 1+ pnZp into U . Since χp is a homomorphism, its image
is a subgroup. By what we noted before, any such subgroup is necessary trivial. □

So, for each ramified prime p, there is a smallest np such that χp|1+pnpZp = 1.
We define

C(χ) :=
∏

p ram

pnp .

Since χ factors through ∏
p ram

(1 + pnpZp),

we get a character χ̃ on∏
p ram

Z×
p

(1 + pnZp)
=
∏(

Z
pnp

)×

= (Z/NZ)×. (6)

Exercise 2. χ̃ is primitive modulo C(χ).

Theorem 6. The group of finite order characters of Q×\A× is isomorphic to the
group of primitive Dirichlet characters. This isomorphism preserves conductors.

Proof. The map χ 7→ χ̃ is injective because

A× = Q×R+
∏
p<∞

Z×
p . (7)

It is surjective because we can lift any χ̃ : (Z/NZ)× → S1 to
∏

Z×
p using (6), then

further to Q×\A× using (7). □

Things can be a bit more complicated over number fields: nontrivial class num-
ber, multiple infinite places, etc. In that generality, the adelic language is perhaps
more natural.

We have noted already that GL1 is special in that it is abelian. From this
it follows that automorphic representations are one-dimensional, spanned by the
associated characters, which also account for the automorphic forms. For more
general groups, it’s often more natural to work with automorphic representations
rather than automorphic forms.

2.4. Automorphic representations more generally. Let’s now put up some
notation. For a general group G, the group G(A) acts on AG, the space of auto-
morphic forms on G, by right translation. (Well, up to technicalities at the place
∞, where one should instead work with the Lie algebra.) This action makes AG a
representation space for G(A) (more-or-less). An automorphic representation is an
irreducible subquotient under this action.

Inside AG, we have the space of cusp forms A0
G, consisting of f for which the

integrals over adelic mod rational points of unipotent radicals of proper parabolics
all vanishing. The space A0

G (for a given central character) decomposes as a direct
sum of irreducible cuspidal automorphic representations, unlike what happens for
AG.
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2.5. Back to GL(2). Next, let’s return to GL(2). For q ≥ 1, define

Γ0(q) =

{(
a b
c d

)
: q | c

}
.

Let χ be a character of conductor dividing q. We extend it to a character of Γ0(q)
via

χ

(
a b
c d

)
= χ(d) = χ−1(a).

Define the space of modular forms

Mk(q, χ) =
{
f(γz) = (cz + d)kχ(γ)f(z)

}
,

and the subspace Sk(q, χ) of cusp forms.
Maass forms of weight k ≥ 0 are functions on H satisfying

f(γz) = f(z),

f(γz) =

(
cz + d

|cz + d|

k
)

= χ(γ)f(z)

and for all γ ∈ Γ0(q),
∆kf + λff = 0,

where

∆k = y2
(

∂2

∂2x2
+

∂2

∂2y2

)
− iky

∂

∂x
.

These spaces are all finite-dimensional. We refer to the corresponding spaces as

Ck(q, χ) ⊆ Nk(q, χ).

If F ∈ Sk(q, χ), then F ′(z) = yk/2F (z) satisfies F ′ ∈ Ck(q, χ), with λF ′ =
−k

2 (
k
2 − 1).

For f ∈ Ck(q, χ), we have

(1) λf ∈ R,
(2) λf ≥ −k

2 (
k
2 − 1), and

(3) if λf ̸= −k
2 (

k
2 − 1), then λf ≥ 0.

Next, set T+ := R ∪
[
− i

2 ,
i
2

]
. For t ∈ T+, define Ck(q, χ, it) to be the subspace of

Ck(q, χ) such that λf = ( 12 + it)( 12 − it) = 1
4 + t2.

We have the strong approximation formula

GL2(A) = GL2(Q)GL2(R)
∏
p<∞

K ′
p, (8)

where K ′
p ⊆ GL2(Zp) satisfies K ′

p = GL2(Zp) for almost all p and for which det :

Kp → Z×
p is surjective for all p.

For example, one could take

K ′
p =

{(
a b
c d

)
∈ GL2(Zp) : N | c

}
,

which is relevant for when f lies in Sk(N,χ). We can use (8) to define ϕf :
GL2(A)→ C by requiring that for all

(γ, g∞, k0) ∈ GL2(Q)×GL2(R)×
∏
p<∞

K ′
p,

ϕf (γg∞k0) = f(g∞ · i)j(g∞, i)−kχ(k0).
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Check then that ϕf ∈ A0
GL2 /Q(χ).

Next time we’ll talk about how ϕf generates a cuspidal automorphic represen-
tation, and why all of the latter arise in this way (from holomorphic or Maass
forms).

3. Lecture 3, Schmidt

3.1. Recap. Let’s recall from last time that Φ : G(A)→ C is an automorphic form
if it is

• left invariant under G(Q),
• right invariant under some open subgroup Kfin of G(Afin),
• smooth as a function of G(R),
• K∞-finite,
• Z(gC)-finite, and
• slowly increasing.

3.2. Cusp forms. We denote by A the space of automorphic forms.
We denote by A0 the subspace of cusp forms, which for G = GL2 must satisfy∫

Q\A
Φ

([
1 x
0 1

]
g

)
dx = 0 for g ∈ G(A)

and in general must have vanishing integral over the adelic mod rational points of
the unipotent radical of any parabolic subgroup, e.g., for GLn, groups such as

1 0 0 ∗ ∗ ∗ ∗ ∗ ∗

0
. . . 0 ∗ ∗ ∗ ∗ ∗ ∗

0 0 1 ∗ ∗ ∗ ∗ ∗ ∗
0 0 0 1 ∗ ∗ ∗ ∗ ∗

0 0 0 0
. . . ∗ ∗ ∗ ∗

0 0 0 0 0 1 ∗ ∗ ∗
0 0 0 0 0 0 1 ∗ ∗

0 0 0 0 0 0 0
. . . ∗

0 0 0 0 0 0 0 0 1


.

3.3. What do we mean by “representation”? A representation of a group G
is a pair (π, V ), where V is a vector space and π : G→ GL(V ) is a homomorphism.
Depending upon the situation, one imposes continuity of the action map

G× V → V

(g, v) 7→ π(g)v.

A subspace 0 ⊂ W ⊂ V is invariant if π(g)w ∈ W for each w ∈ W ; we call a
representation irreducible if it is nonzero and there are no nontrivial proper invariant
subspaces.

In some situations, we may decompose each representation V as a direct sum of
irreducible representations Vi:

V =
⊕

Vi.

We say then that V decomposes completely. But this need not be the case in general:
one can find non-split short exact sequences of representations

0→W → V → V/W → 0.



10LECTURES AT CIRM BY ABHISHEK SAHA AND RALF SCHMIDT, NOTES TAKEN BY PN

(We have an exercise on the exercise sheet, involving the Steinberg representation,
that gives an example of such a situation.)

Given a representation V with subrepresentations 0 ⊂ U ⊂W ⊂ V , we say that
W/U is a subquotient or constituent of V .

Given g ∈ G(A) and Φ ∈ A, we define the right translate (g · Φ)(h) = Φ(hg).
Unfortunately, A is not stable under right translation, due to the K∞-finiteness
condition.

Example 7. For GL2, if Φ(gr(θ)) = eikθΦ(g), then (hΦ)(gr(θ)) = Φ(gr(θ)h), and
if, say, h is a suitable diagonal element, then it’s easy to see that the result is not
K∞-finite.

Instead, A is preserved under right translation by

• G(Afin)
• K∞
• g, via (X · Φ)(g) = d

dt |t=0Φ(g exp(tX)).

The last two actions are described by saying that A is a (g,K∞)-module.
So, when we say informally that “A is a representation of G(A)”, what we really

mean is that it admits a G(Afin)-action and is a (g,K∞)-module.

Definition 8. An automorphic representation is an irreducible subquotient of A.

3.4. Decomposition into irreducibles. The space of automorphic forms does
not decompose completely, but:

Theorem 9. The space of cusp forms A0
χ with given central character χ decomposes

completely:

A0
χ =

⊕
i

πi,

where each πi is a cuspidal automorphic representation.

3.5. Tensor product theorem. The tensor product theorem (Dan Flath, Corval-
lis proceedings, 1979) states that if π is an irreducible representation of G(A), then
it factors as a restricted tensor product

π ∼=
′⊗

p≤∞

πp,

where each (πp, Vp) is an irreducible admissible representation of G(Qp).
For almost all p, the space Vp contains a spherical vector wp ̸= 0, i.e., πp(g)wp =

wp for all g ∈ Kp (special maximal compact subgroup of G(Qp)).

3.6. Strong multiplicity one.

Theorem 10 (Strong multiplicity one). Let π and π′ be cuspidal automorphic
representations of G(A). Write π ∼=

⊗
πp and π′ ∼=

⊗
π′
p. Assume that πp

∼= π′
p

for almost all p. Then π = π′.

3.7. Induced representations.
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3.7.1. Definition. Let χ1, . . . , χn be characters of Q×
p . Consider the space V con-

sisting of all smooth functions f : GL(n,Qp) → C satisfying the transformation
property

f


a1 · · · · · ·

0
. . . · · ·

0 0 an

 g

 =

∣∣∣∣∣∣
n∏

j=1

an−2j+1
j

∣∣∣∣∣∣
1/2

χ1(a1) · · ·χn(an)f(g).

The action of G(Qp) on V is given by right translation. Such representations are
called parabolically induced ; the operation of constructing them is called parabolic
induction. The notation for this representation is χ1 × · · · × χn.

Recall the Iwasawa decomposition:

GL(n,Qp) = B(Qp) ·Kp.

Our functions transform on the left under the Borel subgroup B(Qp) by a character,
hence are completely determined by their restrictions to Kp.

Let’s now discuss spherical representations for GL(n,Qp). These are the ones
that have a fixed vector under GL(n,Zp). Here’s how one can make such represen-
tations.

3.7.2. Spherical representations. Assume now that χ1, . . . , χn are unramified, i.e.,
χi|Z×

p
= 1. Define f0 ∈ V by, for κ ∈ Kp,

f0


a1 · · · · · ·

0
. . . · · ·

0 0 an

κ

 :=
∣∣∣∏ · · · ∣∣∣1/2 χ1(a1) · · ·χn(an).

As an exercise, check that this is well-defined, using the unramifiedness assumption.
It’s clear then that f0 is a spherical vector, meaning, if you right translate it by

Kp, nothing changes. That’s clear by definition.
You also see that the space of spherical vectors is one-dimensional and spanned

by f0, using again that every function is determined by its restriction to Kp.
In summary, V = χ1 × · · · × χn is a spherical representation, and dimV Kp = 1.

3.7.3. Irreducibility.

Theorem 11. χ1× · · · ×χn is reducible if and only if χiχ
−1
j = |•|±1 for some i, j.

Example 12. The representation |·|1/2 × |·|−1/2 of GL(2,Qp) is reducible.

Irreducible or not, the representation χ1 × · · · × χn, with χ1, . . . , χn unramified,
always has a unique spherical subquotient. Let’s denote that by σ(χ1 × · · · × χn).

3.7.4. Equivalences.

Theorem 13. We have σ(χ1, . . . , χn) ∼= σ(χω(1), . . . , χω(n)) for any ω ∈ Sn.

Remark 14. The same is not true at the level of the induced representations
χ1 × · · · × χn themselves – their sets of irreducible subquotients will coincide as
sets, but the representations we get by permuting the χi’s will not be the same in
general.
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3.8. Classification of spherical representations.

Theorem 15. Any irreducible spherical representation of GL(n,Qp) is of the form
σ(χ1, . . . , χn) for appropriate χ1, . . . , χn.

Thus, spherical representations are classified by unramified characters χ1, . . . , χn

of Q×
p , taken up to order. We get bijections

{spherical representations}/∼ ←→ {σ(χ1, . . . , χn)}/∼ ←→ (C×)n/Sn,

where the final map is induced by

(χ1, . . . , χn) 7→ (χ1(p), . . . , χn(p)).

If we compose with the map

(α1, . . . , αn) 7→ Aπ :=

α1 0 0

0
. . . 0

0 0 αn

 ,

then we obtain a further bijection to the space

{semisimple conjugacy classes in GL(n,C)}.

3.9. L-factors and L-functions. Return to a cuspidal automorphic representa-
tion π =

⊗′
πp. Let S be a finite set of places, including ∞, such that πp is

spherical for all p /∈ S. (Such a set exists in view of the definition of automorphic
forms.) For p /∈ S, let α1,p, . . . , αn,p be the Satake parameters of πp. We define a
local L-factor

L(s, πp) =
1

(1− α1,pp−s) · · · (1− αn,pp−s)
= det

(
In − p−sAπp

)−1
.

Remark 16. Also observe that we’re really talking about conjugacy classes, so
it’s not really a diagonal matrix, it’s a diagonal matirx up to conjugation, but
conjugation has no effect on characteristic polynomials, so you get the same answer.

We then define the incomplete L-function

LS(s, π) =
∏
p/∈S

L(s, πp).

This converges in some right half-plane, i.e., for ℜ(s) sufficiently large.

Remark 17. By the theorems described today, the map sending π to its incomplete
L-function is injective. That is to say, LS(s, π) determines π.

Example 18. What happens on GL(1)? Say π is the trivial representation of
GL(1,A) = A×. Then π = ⊗πp, where πp is the trivial representation of GL(1,Qp) =
Q×

p . The Satake parameters are all 1, so the L-function, with S = {∞}, is

LS(s, π) = ζ(s).

The archimedean factor is

L(s, π∞) = π−s/2Γ(s/2),

giving rise to the completed Riemann zeta function

L(s, π) = π−s/2Γ(s/2)ζ(s) =: Z(s),

which satisfies the functional equation Z(s) = Z(1− s).



BASIC CONCEPTS IN AUTOMORPHIC FORMS 13

Theorem 19. There is at most one way to define L(s, πp) at the bad places p /∈ S
(subject to some reasonable constraints) such that the complete L-function L(s, π) =∏

p≤∞ L(s, πp) has meromorphic continuation to all of C and satisfies a functional
equation of the form

L(s, π) = (root number)N−(s−1/2)L(1− s, π∨).

Here the root number is a scalar of magnitude one, while N is called the conductor.

Theorem 20. This is possible to do (for GL(n)).

More generally, say for π on GL(n), we can define L(s, π, ρ) for any analytic

homomorphism GL(n,C) ρ−→ GL(m,C). For example, for π on GL(2),

L(s, πp, sym
2) =

1

(1− α2p−s)(1− αβp−s)(1− β2p−s)
.

The big conjecture (Langlands) is that all L-functions (attached to automorphic
representations on any group and representation ρ) satisfy an analytic continuation
and functional equation.

4. Lecture 4, Saha

4.1. Recap. Let’s recall from last time that if you have

• a modular form f ∈ Sk(q, χ) (of weight k, level q and character χ), or
• a Maass form f ∈ Ck(q, χ, it) (of weight k, level q, character χ, spectral
parameter it),

then we can define an automorphic form φf ∈ A0
χ of central character χ. In Ralf’s

lecture, you have seen how automorphic forms on any group (with particular central
character) give rise to automorphic representations (with that central character).
In particular, φf will generate a representation of GL(2,A) by right translation.
This representation that you get doesn’t necessarily have to be irreducible. If f
is a Hecke eigenform (or indeed, a Hecke eigenform at almost all primes), then
indeed, φf generates an irreducible cuspidal automorphic representation, say πf , of
GL2(A), whose central character is χ. Here we abused notation slightly by writing
χ simultaneously for a Hecke character of Q×\A× and for a Dirichlet character,
but we have already explained in our earlier lecture how these are equivalent.

4.2. Automorphic representations for GL2 in terms of classical objects.
We have described above how you get cuspidal automorphic representations of
GL2(A). One might ask whether these are all of them. The answer is yes. The
same is not true at the level of automorphic forms – in general, they need not have
classical analogues. It’s instead a nice feature of automorphic representations.

Let’s also talk about the tensor product theorem. We may write

πf =

′⊗
v

πv.

What do these local components look like?
For v =∞, the local component π∞ is the holomorphic discrete series of weight

k if f ∈ Sk(q, χ), and is a principal series if f ∈ Ck(q, χ, it).
How about for v = p? If p ∤ N , then πp is a spherical representation, as described

in the previous lecture. If p | N , then πp is a ramified representation, and the
situation is more complicated.
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Fact 21. Every (irreducible) cuspidal automorphic representation of GL2(A) of
central character χ is equal to πf , where f is one of the following:

• a newform in Sk(q, χ)
• a newform in C0(q, χ, it) or C1(q, χ, it).

This defines a bijection.

4.3. Automorphic L-functions. Let k be a global field or local field, and let G
be a reductive algebraic group over k.

Let Gk := Gal(k̄/k).
Attached to G is something called the dual group G∨ = LG0 – another reductive

algebraic group – obtained by “reversing the root data”. We motivate this definition
by some examples:

G G∨

GLn GLn(C)
SO2n+1 Sp2n(C)
Sp2n SO2n+1(C)
SO2n SO2n(C)
GSp4 GSp4(C)

Table 1. Some groups and their dual groups

The L-group is defined by LG := G∨ ⋊ Gk.
Given any representation r : LG → GLn(C) and a cuspidal representation π of

G(A), we can define a Langlands L-function

L(s, π, r) =
∏
v

L(s, πv, r).

(The representation r should be continuous, and its restriction to G∨ should be a
morphism of complex Lie groups.) We emphasize that r is a necessary input to the
definition of an L-function.

Sometimes, there is a “very natural” choice of r, and one may omit this from
the notation. For instance, for GLn, the dual group is GLn(C), and the natural
representation is the identity or “standard” representation id : GLn(C)→ GLn(C).
This gives rise to the standard L-function L(s, π) for GLn.

To define the local factors at all places required knowing the local Langlands
correspondence (LLC), but we can define the local factor an unramified prime v = p
directly. Thus, πp is a spherical representation, hence, by the Satake isomorphism,
comes with a “Satake parameter” Aπp ∈ G∨. (This generalizes the discussion of
Ralf’s lecture concerning the case of GLn, where Aπp

was a diagonal matrix.) We
then define

L(s, πp, r) = det
(
1− r(Aπ,p)p

−s
)−1

.

As noted above, for the ramified primes, we need the LLC. It’s known for some
groups, such as GLn, Sp4,GSp4, but not in general. This says basically that for
each irreducible admissible representation π of G(Qp), there exists an admissible
homomorphism Φ : W ′

F → G∨, where W ′
F denotes the Weil–Deligne group, with

some key properties. We know how to attach an L-function to each such Φ (or
more precisely, to the composition r ◦ Φ).
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4.4. Functoriality. Let k be a global field, say a number field. We can take k = Q
for simplicity.

Functoriality gives a way to transfer automorphic representations from one group
to another. Let H and G be two groups defined over k. We assume that G is quasi-
split. We then want an L-homomorphism u from H to G, which consists of a
map

LH0 ⋊ Gk = LH
u−→ LG = LG0 ⋊ Gk

with certain properties.
The principal of functoriality is the following: for every automorphic representa-

tion π on H, there exists an automorphic representation π′ on G, called the transfer
or functorial lift of π, with the property that we have equalities of L- and ε-factors:
for each r : LG→ GLn(C), we have

L(s, π, r ◦ u) = L(s, π′, r),

and similarly for ε-factors.

Example 22. G = GLn, r = id. Then L(s, π, u) = L(s, π′).

Remark 23. Easy to find the candidate π′, as long as you know local Langlands.
Not obvious that what you get is actually automorphic.

Let’s now discuss some examples.

Example 24. H = GLn1
×GLn2

. We have the natural tensor product map

GLn1
(C)×GLn2

(C)→ GLn1n2
(C).

If n1 = 1, then this is what is called twisting.ne In general, such functorial conjec-
tures are wide-open outside a few known cases:

• GL2×GL2 → GL4 (Ramakrishnan, 2000)
• GL2×GL3 → GL6 (Kim–Shahidi, 2002)

Suppose πp has Satake parameters α
(1)
p , . . . , α

(n1)
p and σp has Satake parameters

β
(1)
p , . . . , β

(n2)
p . Then the Satake parameters for the lift of πp ⊗ σp at the good

places are given by

α(i)
p β(j)

p ,

where i and j range over all possibilities.

Example 25. Let K/F be a quadratic extension. Let H = GLn(K), viewed as an
F -group, and G = GL2n(F ). Consider the L-homomorphism

u : LH =
∏

GK\GF

GLn(C)⋊ GF −→ LG = GL2n(C)⋊ GF .

The corresponding functorial transfer is called the automorphic induction of π from
H to G. In this case, it was established by Arthur and Clozel. We write π′ = AI(π)
for the image of this transfer.

Let’s give an explicit construction of this in a very special case. Take F = Q,
K = Q(

√
d) with d < 0, n = 1. Let Λ : K×\A×

K → S1, unramified everywhere,
Λ∞ = 1, Λ2 ̸= 1. Define

θΛ(z) =
∑
α

Λ(α)e2πiN(α)z ∈ S1(d, χd).
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Then
πθΛ = AI(π).

It may be instructive to describe the Satake parameters at an unramified prime.
Suppose p ∤ 2d. Then the Satake parameters are as follows:

• for p split, {Λ(ϖ(1)
K,p),Λ(ϖ

(2)
K,p)}, and

• for p inert, by {1,−1}.
(The speaker says he just checked this quickly.)

Example 26 (Symmetric powers). H = GL2, G = GLn+1, u = symn. The transfer
is known for n = 2, 3, 4 (see [1], [3], [2]). If π has Satake parameters {α, β}, then
π′ has Satake parameters {αn, αn−1β, . . . , βn}. These yield bounds towards the
Ramanujan and Sato–Tate conjecture; knowing the transfer for all n would yield
the conjectures.
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